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1 The Language and Typing Rules

1.1 Syntax and Operational Semantics of A,cf conc

The syntax of Ayef,conc is shown in Figure 77 and the operational semantics is presented in Figure 77.
We assume given denumerably infinte sets of variables VAR, ranged over by z, y, f, and locations
Loc, ranged over by I. We use v to range over the set of values, VAL, and e to range over the set
of expressions, EXp. Note that expressions do not include types.

VAL v = () |n| (v,v) |inj, v|rec f(z).e| x|l
Expeux=v|e=celee]|(ee)]|prjel|injele+e
| case(e,inj; x = e,inj, y = ¢)
| newe|le|e :=e]|CAS(ee,e)]elle

Figure 1: Syntax of Aref,cone-

Heaps are finite partial maps from LOC to VAL and a thread-pool is a finite partial map from
thread identifiers, modelled by natural numbers N, to expressions EXP.

The operational semantics is defined by a small-step relation between configurations consisting
of a heap and a thread-pool, where each individual step of the system is either a reduction on a
thread or the forking of a new thread. The semantics is defined in terms of evaluation contexts,
K € ECTX. We use K|[e] to denote the expression obtained by plugging e into the context K and
elv/z] to denote capture-avoiding substitution of value v for variable z in expressio e.



Heap h € Loc ™ Var

ECtx K :=[]|K=¢e|lv=K|Ke|vK|(K,e)| (v,K)

| prj; K|inj, K| K+e|v+ K | case(K,inj, x = e,inj, y = ¢)
| newK |!K|K :=¢|v:=K|Klle|el|lK

| CAS(K,e,e)| CAS(v, K, e)| CAS(v,v, K)

. pure
Pure reduction

(rec f(z).e) v ™5 e[v/x, rec f(x).e/f]

case(inj; v,inj, = ey,injy = = e3) " e;[v/]

pure . pure pure
vy ||vg = (v1,v2) pri; (v1,v2) — v; v1 + vy — v3 where vg = v + vy
pure pure
v=v — true v = vy — false where vy # vy
Reduction hie — h';e
. pure
hie — h;e' ife' = €

hinew v — h W [l — ;]
h; 1l — hyo if h(l) =v
hll—= —];1 := v = hll—v];()
h; CAS(l,v,,v,) — h;false if A(l) # v,
h[l — v,]; CAS(I, vy, vy) — h[l = vy]; true
h; Kle] = 1; K|e] if hje — h'; ¢

Figure 2: Operational semantics of Aref cone-

1.2 Typing rules

We assume a denumerably infinite set REGVAR of region variables, ranged over by p. An atomic
effect on a region p is either a read effect, rd,, a write effect, wr,, or an allocation effect, al,. An
effect ¢ is a finite set of atomic effects. The set of types is defined by the following grammar:

TyPE 7 u=1|int|ref, 7|7 x 7|74+ 7 |7 =0A 7
where IT and A are finite sequences of region variables. Typing judgments take the form

IMA|TkFe:T,¢



v € {true, false} veN
O|A|T,z:7kFz:7,0 MIIA|ITH():1,0 I|A|THv:B,® II|A|THwv:int,0

IIA|Tke:T,e IIA|TFer 7,6 IIA|TFes:T,e9 €qtype(T)
II|A|TFinj,e:m +72,¢ IMI|A|Tke =ex:BegUey

IMIA|TFe: 7+ 72, O|A|T,z; e T8 IMA|ITFe: T XT79,¢e
IT| A | T F case(e,inj, £1 = e1,injy T2 = e3) : B,eUe; Uesy II|A|TFprje:me

H|A|FF€15int,€1 H|A‘FF62:int7€2 H‘A|FF€1:7'1,€1 H|A|FF6227’2,€2

IMA|TFe +es:inte; Uey IM|A|TF (e1,e2): 71 X 7,61 Ueg
. IIL,A . . . II,A .
H‘A|F,f.7'1*>€ TQ,I.71F6.72,8 H‘A|FF€1.T1*)E T2,€1 H|A|FF€2.T1,€2
IM|A|TFrec f(x)e:m —>E’A7'2,(Z) IM|A|TFe; ex:m,eUe; Ueg
IMA|TkHe:T,e pelllA IM|A|T e :ref, 7,61 IMA|TFep:T,e9
II|A|TFnewe:ref, 7,eU{al,} II|A|TFe =e:1,e1UeaU{wr,}
II|A|THe:ref, ¢ A p|The:T,e pé& FRV (T, 1)
II|A|TH!le:7,eU{rd,} IMA|TFe:Te—p

H,A3‘A1‘F1|‘€15T1,61 H,A3|A2|F2}_€2:7—2752
II ‘ A17A2,A3 | 'y, Ts |‘61||€21’7’1 X To,€1 U &2

IT|A|T e :ref, 7,61 IMMA|TFes:T,e9 IMA|TFe;:T,e3 €qtype(T)
II|A|T+ CAS(er,ez,e3):B,eq Uey Ues U{wr,,rd,}

H|A|F|—€ZT1751 H,A"Tl < Ty €1 C ey FRV(EQ)GH,A
eGtype(1) IMA|TFe: e

qtype(T) eqype(0) op € {+, x}

€Gtype (T Op 0)

FRV(r)eTTUA MUAFT <7 DUAFT <7}
MNUAFT<T HUAI—T1><7'2§T{><7’2/

HUAl_Tlngl HUA}_TQSTQI €1g€2 ngng AlgAQ

IHUAF 7'1—>€H11’A1 Ty < T{—)Ej’Az T4

Figure 3: Typing and sub-typing inference rules. We write FV(e) and FRV (e) for the sets of
free program variables and region variables respectively. For all typing judgments on the form
II|A| T+ e:7,ewealways have FRV (T, 7,¢) € IIUA. The equality type predicate, egtype, defines
the types we may test for equality.



2 Monoids and Constructions

2.1 Evaluation Context Monoid

Extended expressions e EExp

EEEExp:=al|()|n|z]|l|recf(z)e|E=E|EE|(EE)|E+E | pri; E]inj; €
| case(&,inj, z = ejinjyy=e) | new & |IE|E = E|CAS(EEE) | EE

where a € A is an address.

Extended evaluation contexts k € EECtx

k€ EECtx == e|s=E|lv=k|cE|vK]|(KE)|WK)|k+E|v+k
| pri; 5| inj; k| case(k,inj; x = e,inj, y =€)
| newk|!lk|k:=E&|v:i=k
| &||E|€&||k| CAS(k,E,E) | CAS(v, kK, E) | CAS(v,v, k)
Multi evaluation contexts ‘ MECtx C EExp
Be MECtx = al|le|B=e|lv=B|Be|lvB|(B,e)|(v,B)|B+e|v+B
| prj, B|inj, B | case(B,inj; x = e,inj, y = ¢)
| newB|!B|B:=¢|v:=B
| BJ||B|CAS(B,e,e)| CAS(v,B,e) | CAS(v,v, B)
Free addresses ‘ FA: EEzp — P(A) ‘
FA(a) = {a}
FA(()) = FA(z) = FA(l) = FA(rec f(z).e) £ 0
FA(prj; £) = FA(inj; £) = FA(new &) = FA(I) £ FA(E)
FA(case(k,inj, © = e1,inj, y = e3)) = FA(E)
FA(E) = &) = FA(&E) E)FA(E) = &) = FA(&1 ]| &) & FA(E1) W FA(E,)
FA((51,52)) FA(gl + 52) £ FA(51) ] FA(SQ)
FA(CAS(E1,E9,83)) 2 FA(E)) W FA(E:) W FA(E3)

where A W B is the union of A and B, but is only defined if A and B are disjoint.
Evaluation context monoid

ECTX £ ({f : A —p, MECtz | Va € dom(f).Vb € FA(f(a)).a <a b}, [])

where < 4 is strict ordering on addresses and monoid composition is defined as follows

. {J_ if dom(f) N dom(g) # 0

fUg otherwise



Hereditarily free addresses ‘ FA: EEzp x |[ECTX| = P(A) ‘

FA(E, f) £ FA(E) w H{FA(f(a), f \ {a}) | a € FA(E) Ndom(f)}

The FA(E, f) function is defined by recursively on the size of (the domain of) f.

Address substitution ‘ subst : EExp x |[ECTX| — EExp‘
subst(a {subst a), f\{a}) if a € dom(f)
otherwise
subst(e, f) 2 e
subst(E; = &z, f) = subst(Ey, f) = subst(Es, f)
subst(Ey o, f) 2 subst(Ey, f) subst(Ea, f)
subst((E1,82), f) = (subst(&q, f), subst(Ea, f))
subst(E1 + Ez, f) £ subst(Ey, f) + subst(Ey, f)
subst(prj; £, f) = prj; subst(E, f)
subst(inj; £, f) = inj; subst(E, f)
subst(case(k,inj; © = e1,injy y = ea), f) = case(subst(x, f),inj; * = ey,injy, y = e3)
subst(new &, f) = new subst(E, f)
subst(1E, f) £ \subst(&, f)
subst(Ey 1= Eq, f) = subst(Ey, f) := subst(Ey, f)
subst(CAS (&1, Ea,E3), f) = CAS(subst(Ey, f), subst(Es, f), subst(Es, f))
subst(E1||E2, f) & subst(Ey, f)||subst(Ea, f)

The subst(€, f) function is defined by lexicographic recursion on the size of f and £.

Extended context substitution ‘ —[=]: EECtx x Exp — MECtz

The extended context substitution function, k[e], substitues the expression e for the e in x in the
obvious way.

Lemma 1.
VEVSf € |[ECTX|.Va € FA(subst(E, f)).Fb e FA(E).b<aa

Proof. By lexicographic induction on |f| and the size of £.

o Case & = ¢: if ¢ € dom(f) then subst(E, f) = subst(f(c), f\{c}) and it follows by the induction
hypothesis that there exists a b € FA(f(c)) such that b <4 a. Furthermore, by definition of
|[ECTX] it follows that ¢ < b and thus by transitivity that ¢ <4 a and ¢ € FA(E).

Conversely, if ¢ € dom(f) then subst(€, f) = € and it follows trivially by choosing b = a.

e All remaining cases follow directly from the induction hypothesis.

Lemma 2.

VE. subst(E,]]) =€



Lemma 3.

VE.Vfi1, fa € |ECTX|.
(Va € FA(E).¥b > 4 a. (b € dom(f1) & b€ dom(fz)) A f1(b) = fa(b)) = subst(E, f1) = subst(E, f2)

Proof. By lexicographic induction on |f;| and the size of £.
e Case £ X a: then a € FA(E). If a € dom(f1) then a € dom(fs), fi(a) = fa(a) and thus,

subst(E, f1) = subst( f1(a), fl) = subst(fl( ), f2) = subst(f2(a), f2) = subst(&, f2)
and if a € dom(f1), then a & dom(f2) and thus subst(€, f1) = a = subst(&, fa).

e All the remaining cases follow directly from the induction hypothesis.

Definition 1.
f=ag=2Vb>4a.(be dom(f) < be dom(g)) A f(b) = g(b)
Lemma 4.
Vf,g.Va,b.a <bANf=a9=f=pg

Proof. Let ¢ € A such that b <4 ¢. Then by transitivity of <4 it follows that a <4 ¢ and thus
¢ € dom(f) < c € dom(g) and f(c) = g(c), as required. O

Corollary 1.
YENS, f1, fo € |[ECTX|. Va.
a € dom(f) A f1 =q f2 = subst(f(a), f1) = subst(f(a), f2)

Proof. By Lemma ?7 it suffices to prove that

b € dom(f;) < b € dom(f2) f1(b) = fa(b)

for all b € FA(f(a)). To that end, let b € FA(f(a)). By definition of |ECTX]| it follows that a < b
and thus by the fi; =, f2 assumption it follows that f1(b) = f2(b) and b € dom(f;) < b € dom(f2),
as required. O

Lemma 5.
Vf € [ECTX|.Va € A. f =, (f\ {a})

Proof. Let b € A such that a < b. Then a # b and thus b € dom(f) < b € dom(f \ {a}) and
f@) = (f \{a})(®)- H

Lemma 6.
Vf,g € |[ECTX|.g C f = subst(&, f) = subst(subst(E, g), f)
Proof. By lexicographic induction on |g| and the size of £.
e Case £ = a: if a € dom(g) then

subst(subst(E, g), f) = subst(subst(g(a), g \ {a}), ) = subst( (a), f)
= subst(f(a), f)
(f

= subst(f(a), f\ {a})
= subst(&, f)

where the second to last equality follows from Corollary ?? and Lemma ?7. If a ¢ dom(g)
then

subst(subst(E, g), f) = subst(E, f)



e All the remaining cases follow directly from the induction hypothesis.

Lemma 7.

V€ € EExp.Vf € |ECTX|. FA(E) deﬁned =
FA(subst(&, f)) = (FA(E) \ dom(f)) U U{FA )) | a € FA(E) N dom(f)}

Lemma 8.
VE. VK.V f. subst(k[E], f) = subst(k[subst(E, f)], f)

Proof. By induction on the structure of «.
e Case k = o: then subst(€, f) = subst(subst(E, f), f) by Lemma ?7.
e Use Kk = k1 = &': then
subst(k1[E] = &', f) = (subst(k1[E], f) = subst(E', f))

(subst(r1[subst(E, [)], f) = subst(E’, [))
= subst(r1[subst(E, )] =&, f)
= subst(k[subst(&, f)], f)

s

e All remaining cases follow directly from the induction hypothesis.

Lemma 9.

VE.NF. V). Vk. Ve € Exp.Vk & dom(f).

fG) = rlel N < kN FA(E, f) = dom(f)
= subst(&, f) = subst(&, flj — klk], k — e])

Proof. By lexicographic induction on |f| and the size of £.
e Case & = a: Since a € FA(E, f) = dom(f) and k ¢ dom(f) it follows that a # k. If a = j then

subst(&, fj — kK], k — e])
= subst(k[k], (f \ {j})[k — €])

= subst(subst(k[k], [k — €]), (f\{i}D)][k — e])

= subst(subst(k[subst(k, [k — e])], [k — e]), (f \ {7}k — €])
= subst(subst(k[e], [k — e€]), (f \{i D[k — €])

= subst(k[e], (f \ {7})[k — e])

= subst(x[e], f\ {j})

= subst(&, f)

and if a # j then
subst(E, f[j = w[k], k= e]) = subst(f(a), (f \ {a})[j — &[],k — €])

" subst(f(a), £\ {a}))
= subst(&, f)

e All remaining cases follow directly from induction hypothesis.

8



Lemma 10.

VENf. VY, k € dom(f).Vk.Ve € EXp.
fG) = kK] A f(k) =enj#kNFAE, f) = dom(f)
= subst(&, f) = subst(&, f|j — kle], k — L])

Proof. By lexicographic induction on |f| and |£].

e Case £ =a: If a = j then

subst(E, ) = subst(k[k], £\ {j})
subst(subst(k[k], [k — e]), fF\ {5})
t(subst(r[subst(k, [k — e])], [k — €]), f\ {7})

(
(
(
(kle], FA{I})
(
(

Il
@
I
S
&

subst

= subst(k[e], f[k — L]\ {j})
= subst(&, f[j + kle], k> L])

where the second to last equality follows from the fact that k ¢ FA(k[e]).

If a = k then dom(f) = FA(E, f) = {a} W FA(e) = {a}, which is a contradiction, as k,j €
dom(f) and k # j.

Lastly, if a # k and a # j then
subst(E, ) = subst(f(a), f\ {a})

= subst(f(a), [\ {a}[j = wle], k= L))
= subst(f(a), (f[j = &lel,k — L))\ {a})
= subst(&, f[j — kle], k — L])

e All remaining cases follow directly from the induction hypothesis.

O
Lemma 11.
Vk.Vk.Ve € Exp. FA(k[k]) = FA(kle]) W {k}
Proof. By induction on k.
e Case k = o: then FA(k[k]) = FA(k) = {k} = FA(xle]) W {k}.
e Case k = k1]|€: then
FA(x[k]) = PA(ka[k]) & FA(E) = FA(sa [e]) W {k} & FA(E) = FA(x[e]) W {k}
e All remaining cases should follow directly from the induction hypothesis.
O

Lemma 12.

Vk.Vf.Vk € dom(f).Ve € EXP.
FA(k[k], f) = FA(kle], f) & {k} & FA(f(k), f \ {})

Proof. By induction on the structure of .



e Case k = e: then

FA(k[k], f) = FA(k, f) = {k} & FA(f(k), f \ {F})
= FA(xle], [) W {k} & FA(f(k), f\ {F})

e Case k = Kk1||€: then

FA(k[k), f) = FA(ra[K]) & FAE) & |H{FA(f(a), f \ {a}) | a € FA(r:1[k]) & FA(E)}
= FA(ra[e]) & {k} & FA(E) W PA(f (), f \ {k}) &
H{FA(f(a), £\ {a}) | a € FA(k1[e]) & FA(E)}
= FA(kle], f) & {k} W FA(f(k), f \ {k})

e All remaining cases should follow directly from the induction hypothesis.

Lemma 13.

VY5V Yk & dom(f). Ve.
£3) = Klel A FA(E, f) = dom(f) = FA(E, f1j - wlk] b — €]) = dom(f[j — slk], b > ]

Proof. By lexicographic induction on |f| and the size of €. Let f' = f[j — &[k], k — €].

e Case £ = a: If a = k then a € FA(E, f) = dom(f) and thus k& € dom(f), which is a
contradiction. If ¢ = j then

FA(E, f') = {5} & FA(s[k], (f \ {iD[k — e])
= {j} W FA(kle], (f \{i D[k — e]) W {k} & FA(e, f[k — ¢])
= {J,k} W FA(kle], (f \ {7 D[k — €])
={J,k} & FA(s[e], f\ {j})
={k} W FA(E, f)
= {k} W dom(f)
= dom(f")

(
(

Lastly, if a # k and a # j then
FA(E, f') = {a}w FA(f'(a), f"\ {a})
= {a} W FA(f(a), (f \ {a})[j = &[k], k — €])

= {a} W dom((f \ {a})[j = Klk], k > ¢])
= {a} W (dom(f[j — k[k], k — €]) \ {a})
= dom(f")

e All the remaining cases should follow directly from the induction hypothesis.

Lemma 14.

Vf.Vi, k€ dom(f).Vk.Ve.

f(G) =&k A f(k) =enj#kANFAE, f) = dom(f)
= FA(E, flj — kle],k — L]) = dom(f[j — kle],k — L])

10



Proof. By lexicographic induction on |f| and the size of £. Let ' = f[j — &le], k — L].

e Case £ = a: If a = k then dom(f) € FA(E, f) = {k} W FA(e, f \ {k}) = {k}, which is a
contradiction as k,j € dom(f) and k # j. If a = j then

FA(E, f') = {j} & FA(s[e], (f \ {7 D[k = L])
= {j} W FA(ke], F\ {j})
={j}w (FA(x[k], f\ {7}) \ {k})
= FAE, f) \ {k}
= dom(f) \ {k}
= dom(f")

Lastly, if a # k and a # j then
FA(E, ') = {a} ¥ FA(f'(a), '\ {a})
={a} W FA(f(a), (f \{a})[j = &le], k — L])
= {ay wdom((f\ {a})lj = el k > L))

= {a} W (dom(f[j = wle], k — L])\ {a})
= dom(f")

e All the remaining cases should follow directly from the induction hypothesis.

Lemma 15.
Vf.VE.Va € dom(f).a & FA(E, f) = FA(E, f) = FA(E, fla s L))
Proof. By lexicographic induction on |f| and |£].
o Case & =b: since a & FA(E, f) = {b} & FA(f(b), f \ {b}) it follows that a # b. We thus have,
FA(E, f) = {b} W FA(f(b), f \ {b})

2oy w FA(F(), (f \ {b})]a — 1])
= {b} W FA(f(b), (fla — L])\ {b})
= FA(E, fla— 1))

e All the remaining cases follow directly from the induction hypothesis.

Lemma 16.
Vf.VENVa € dom(f).a & FA(E, f) = subst(&, f) = subst(&, fla— L])

Proof. By lexicographic induction on |f| and |£].
e Case £ =b: since a & FA(E, f) = {b} W FA(f(b), f \ {b}) it follows that a # b. We thus have,

subst(E, f) = subst(f(b), f \ {b})

1H

= subst(f(b), (f \ {b})[a — L])

= subst(f(b), (fla— L]\ {b}))
= subst(&, fla — 1])

11



e All the remaining cases follow directly from the induction hypothesis.

Lemma 17.

VENL. W) € dom(f). FAE, f) = dom(f) A FA(f(j)) = 0
= 3JK.Ve € EXP. subst(&, f[j — e]) = Kle]

Proof. By lexicographic induction on |f| and |£].

e Case & = a: if a = j then dom(f) = FA(E, f) = FA(f(a)) W {j} = {j}. We thus take K = e.
Then, for every e € EXP we have

subst(E, fj — e]) = subst(e,[]) = e = Kle]

If a # j then FA(f(a), f\ {a}) = dom(f \ {a}) and by the induction hypothesis, there exists
a K such that subst(f(a), (f\ {a})[j — €]) = K[e]. We simply pick this K:

subst(E, f[j = €]) = subst(f(a), (f \ {a})[j — e]) = K[e]

o Case & = & & we know that j € dom(f) = FA(E, f) = FA(&1, f) W FA(E;, f). By Lemma
?7? it follows that FA(Ey, f) = FA(EL, f\ FA(&2, f)) and FA(Eq, f) = FA(E2, f\ FA(&1, f)) and
more importantly,

FA(Ey, [\ FA(E2, [)) = dom(f \ FA(Ey, ) FA(E, f\ FA(E1, f)) = dom(f \ FA(&y, f))
If j € FA(&y, f) then by the induction hypothesis, there exists a K such that
subst(Ey, (f \ FA(E2, f))]j — e]) = K[e]
for all expressions e. We thus simply pick K subst(Es, f) as our context, such that

subst(E, fj — e]) = subst(&r, f[j — e]) subst(Es, f[j— e])
= subst(E1, (f \ FA(Ea, ))]J — e]) subst(Es, f)
= Kle| subst(&z, f)

for all expressions e. Here the second equality follows by Lemma 77.
The case of j € FA(Es, f) is symmetric.
e All other cases follow a similar pattern: on binary expression formers, do a case-analysis on

which sub-expression j “appears” in and appeal to the induction hypothesis for that sub-
expression.

O

Definition 2.

j S B2 oljr B : Auma(ECTx)

meta(e,¢) £ 3f € [ECTx|.fo f - Avta(BCTR) ™"

subst(0, f) —e :ki[;’;li(i):})i;idioim(f)

*

Lemma 18.

mctx(e, () * j =C>S kle'] = Fk.mctz(e, ) * j és klk] * k és e

12



Proof.

metz(e,C) % j =g kle'] = 3f. j S5 Kle *‘.f‘ « subst(0, f) = e * FA(0, f) = dom(f)
= j S kle] e FC % subst(0, f') = e x FA(0, f) = dom()
= j S k[e] e £ % subst(0, f') = e x FA(0, f') = dom(f")
= jSsr[k]xk Sg e xo £ subst(0, f') = e * FA(0, f') = dom(f")
= Jk.j g klk]*k S ¢ *meta(e, )

where f' = f[j — k[k], k — €'], the first implication follows by Lemma ?? and the second implication
by Lemma ?7. O

Lemma 19.
mctx(e *]éslﬁ: *kése = mctz(e *jésli

Proof.

meta(e,C) * j g kk] *k Sg ¢ = 3f.j g w[k] kS5 ¢ xlo fi° x subst(0, f) = e + FA(0, f) = dom(f)
=S /f[k] sk Sg e xe fiO % subst(0, f') = e+ FA(0, f) = dom(f)
= i Sgu[k]xkSg e xlo fi°  subst(0, /) = e x FA(0, f') = dom(f")
= j S kle] xle f1° x subst(0, f') = e x FA(0, f') = dom(f’)
= j g kle] x mct:c( 0)

where f' = f[j — kle/], k — L], the first implication follows by Lemma ?? and the second implication
by Lemma ?7. O

Lemma 20.
mctx(e, ) * 0 Sse = mctx(e, ) * 0 Sgesve=c

Proof. By unfolding the syntactic sugar, it follows that subst(e’, f) = e and since FA(e') = 0 we
have e = ¢’ as required. O]

Lemma 21.
Ve,e', ey, €. Yh,h' . Vj.
mctx(e, () * j és e1 * (hyer — h'5e)) = Fe'.mcetx(e’, () * j és e} % (hye — h';e)

Proof. If 7 = 0 then it follows by Lemma ?? that e = e; and the conclusion thus follows easily by
taking e = €.

Otherwise, j # 0 and by unfolding the syntactic sugar there exists an f such that

By Lemma ?7? there exists a K such that

subst(0, flj — €"]) = K[e"]

13



for all expressions e”. Hence, in particular, e = subst(0, f[j — e1]) = Kle1]. We thus have

= [ f" % K[e}] = subst(0, f[j = €}]) = FA(O, f[j = €}]) = dom(f[j — 1))

¥ 0 [j > el * (hs Klea) — W's Kle}])

———————————

= o flj = & * Ke}] = subst(0, f[j — €}]) * FA(D, f[j = ¢;]) = dom(f[j — ¢])

******** % (b Klea] — W5 Ked))

* 0[] = eq]!

= mctx(K[e}],¢) x j Ss ey * (hse — s Kleh],)

14



2.2 Other Monoids
Standard Iris Monoids

AHEAP £ AuTH(FPFUN(LOC, VAL))
SR = Frac({x})
REG £ FPFUN(RN,FrAC(X + ({A € P(X) | |A] = 2} x HEAP))) where X £ list Name
AFHEAP £ AuTH(FPFUN(LOC, FRAC(VAL)))
ErFREG £ FPFUN(N, FrRAC({*}))
ErREGLoC £ FpFuN(Loc, Ex({x}))
ALLOCHEAP = FrAac(P(Loc) x P(Loc))

(1>

[I>

Disjoint Monoid
Assume a countably infinite set X, define:
DisJOINT £ (P(X), 0, 0)

where
roy2aUyife#y

15



2.3 Syntactic Sugar

LRML
heap(h) & e h s AHBAR™ "
L v2iofl ] AHear"
LREe#
heap(h) 2l h s AHBAP™ "
I v2lofirs o] : AHEAR ™
[RD]7 £ [r 5 (r, %) : ErRec™
[WRJ 21[r > (r,%)] : ErRic ™"
(AL 21[r > (m,»)] : ErREG™ "
rheap(h, ) £ (o} : APHEAP
v 5, v2lo[lrs vl : AFHEap ")
[Ro(2)), 2 [e  «] : EFREGLoC] "
[NORD(#)), £ [ > #| : EFREGLOC]
[WR(2)], £z | : ErRecLoc] """
[AL(R)]T 2 |(r,dom(h) : ALLOCHEAP

16
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LRgBin

heapj(h)
l=rv =
heaps(h)
l—=swv
[Ro]7
[WRJT
[AL]T
metx(f) &

j=>se=

rheapx (h, r)

s
T —=xr0

(1 ()

*********** TF2(7)

2(7)

175(7Y)

16 ()

X(r)

,D('r)

No(r)

17
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LRPar

heapy(h) 2o h: AHEap, """

Lospv 2ol o] : Atimap ™

IMU(r, (CHI 2[r > (. inj, )] : Recl ™
I (r, G5, )] 2 [r s (m,injy (Cs.h))] : Rie) ™
[Y]m £Y : DissoNt]™
[Ro]7 21[r > (r,%)] : EFREG ™"
[WRIT £{[r > (r,#)] : EFRpc) ™"
ALT 75 Gr. ] B ™"

heaps(h, ¢) 2 e T - AHEAP|"

l r—>§ 2ol 0] AHEAP,"

mete(f) £lo f - AUTH(ECTX)"
jSse2lofjm e Autn(ECTX) ™

SRz & Gy 50

rheapx (h,r) = ‘o X AFHEAP\

,,,,,,,,,,,,,

2y, v2 0l v]: AFHEAP )

[Ro(@)], £ [z~ ] - BrReaLod """

[NoRD(z)], 21z & # : EFREGLOC "
)

[WR(z)],

Al [&’Jﬂ"ﬁ%’fiéé’ﬂébw“m
[AL(hl s hg)}

53
>
/—\:
/—\}
&

I
=N
L~
S
— |
o
O i
=4
S
N
5}

I
!
=
=
Q!
%l
&
%l
i \

The function ~ embeds a partial finite function into a full fractional partial finite function, for-
mally, it is pairwise applied where each map is computed as so:

T—v=x~ (1,v)

Utility functions for invariant names

Throughout the entire paper we assume a constant invariant name HpP and functions Sp, RG and
RF that maps simulation identifiers, region identifiers and locations into Iris names respectively. We
assume each function is injective, that the images of each pair of functions is disjoint and does not
contain HP.

18



3 The LRy, relation

We assume a list of monoid-names 7 to be defined globally.

HEAP £ 3h. heap(h) * | h]
REF(¢,z) £ Jv. x v * ¢(v)

[1]2 0.2 = ()
lintj £ 2.2 € N
[r1 x o] 2 Az, y1,y2. = (y1,y2) Aby1 € [11] Abya, € [12]
[+ 7] 2 Az (b3y € [1]. = =inj; y) V (>3y € [r]. = = injy y)
[r = ] & e OVy. (by € [1]) = E([n])(z )
[ref 7] £ Az. [Rer([r].z)]"""

£0) 2 {Hear] "} 2 {o. o0},

Logical relatedness

TT ML e:T = s V2 [T](2) = E([7])(e]x /x])
Theorem 1 (Fundamental Theorem). IfII | A |T'Fe:7,e thenII|A|T EpmLe: 7,6
Proof. Proof omitted.
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4 The LREgg relation

We assume a list of monoid-names 7 to be defined globally.
HEAP £ 3h. heap(h) * | h]

REF(r, ¢, 2) £ Jv. x SN, effs(r, &, x,v)
REG(r) £ locs(r) * tokens(r)

where

M:RY — 5 MonoidName list

effs(r, ¢, z,v) = ((Wr(z)], Vﬂf‘—>r v) * ([Rp(2)],. V (¢(v) * [NORD(z)],))

) 2 3h. rheap(h, ) * alloc(h, ) * ®(1,0)ehl = U * ®(g|ze Loc\dom(h)} [NORD(Z)],
) [WR]WWT \ ®I€LOC[WR( )]r) ([RDLT“FM \ ®m€Loc[RD( )]r)
)= ([A

L(r)], * [AL(R)]2) V [AL(R)]}

locs(r

toks(r

[I>

(
alloc(h,r) & (
MM & Xz .z = ()
[int] & \z.z € N
[71 x )M & Xz, Fy1, y2. = (y1,y2) Abyr € []M Adys, € [
[r + =]M &2 Az, b3y € [1]M. x =inj, y) V (Ty € [R]M. x =inj, y)
[r1 =AM & Az, Ovy. (by € [1]M) EH A([[TQ]]M)(w y))
RF 3
[ref, 7[M 2 Az. Rer(M(p), [ o) 5, Rea (M (p))] "M
Pioks(pyr,me) 2 (p g rdse V [RD]T) * (p & wrs e V [WR]T) % (p € als e V [AL]T)

Ra(M (p))
Preg(R79757M) é @%Ptoks(ﬂaM(p)agg))vE) * R‘EG(M(p)) :
J4S

]]JV[

elll(¢) £ Mz Vg € TT - Perm.

{HP * Prag(A; 1,6, M) % ng(H,g,E,M)}

x
{v. ¢(v) * Preg(A, 1,6, M) % Preg(IL, g, &, M)}

Logical relatedness

H|A|ﬁ|:EFFe:T,5é
Fis VMY [r[M (@) = £ ([71Y) (e[2’ /2))

Theorem 2 (Fundamental Theorem). IfII | A [Tk e:7,e thenII | A |T Egmre: 7,6
Proof. Proof omitted. O

4.1 Example: Type violating assignments

The code below illustrates the possibility to temporarily break the type-constraints for references in
private regions.

xz := ();z := True

20



The above example clearly violates the type of the parameter x, however, we would still like to
show:
|- |ref, BFa := ();x := True: 1,{wr,,rd,}

which means we would have to show for M = M'[p — 7]:
E{ﬁrmrdp}’M([[l]]M)(x = ();z = True)
We define the following evaluation context:
K' 2 [};z := True
Lemmas
Lemma 22.
vr. bREG(r) & REG(r)
Proof. > can be removed by VSTIMELESS since ghost resources are timeless. O

Lemma 23.
Vr, ¢, x. DREF(r, ¢, ) & REF(r,>0, x)
Lemma 24 (Trade write tokens).
Vh,r. tokens(h,1,1,7) * [WR]L & tokens(h,1,1,7) * ®zecroc[WR(2)],
Lemma 25 (Trade read tokens).
Vh,r. tokens(h,1,1,7) x [RD]} & tokens(h,1,1,7) * ®zeLocRD(2)],.

Lemma 26 (Trade region points-to).

Vr, ¢, x,v. effs(r, ¢, x,v) * [WR(2))], < effs(r, ¢, z,v) *x ‘—%h« v
Lemma 27 (Trade Read for NoRead).
Vr, ¢, x,v. effs(r, ¢, x,v) x [RD(2)], < effs(r, ¢, z,v) * p(v) * [NORD(z)],
Lemma 28 (Region heap has mapping).
Vh,z,v,m, 7. locs(h,r) % & <, v = 30", h = h'[x — 0]

Proof. By owning an authorative fragment x i)T v it must be that for regheap(fl,r), h contains
[x — v] since this is the corresponding authorative element. Since the hat function is just an injection
from a partial map to one with a full fragment, there exists some h’ such that h = h'[x — v]. O

Lemma 29 (Obtain points-to).
Vh,h' vz, 0. b= W[z — v] x locs(h,r) < regheap(h,r) % alloc(h, ) * ®uyenl v xz =0

Lemma 30 (Update concrete heap).

Y, v. HP iz ——}
T =

{'.v" = () *z v}

21



Proof.

Hp
Context: x,v,HEAP

{.7; = _}{HP}
{>PHEAP * 2 +— —}

{HEAP * z — —}

{3h. heap(hlx — —],7) * |h[z — —]| xx — =}

{v'. v’_: () * 3h. heap(h[x — v],7) * |h[z — V]| * 2 — v}
{v'.v' = () « HEAP x & — v}

{v.v ==z r—)v}{Hp}

Open Hp

Lemma 31 (Make type-violating assignment).

Rr(z)

Ra(r) -

Vr,z,v, 6. [HEAP| ,[REG(r)]
{[WR]; * [RD];}
xr = v

{00 = () % [WRIL * @pre poey oy [RD()], * [NORD()], }

REF(r, ¢, )

22



Proof.

Context: r,x,v, @, ‘HEAP‘HP? ‘REG(T')‘R’G(T),‘REF(:I;, o, J:)‘RF(I)

{[Wr];. « [RD]’}‘}{HP,RG(T),RF(I)}

{pREG(r) * >REF(r, ¢, z) * [WR]} * [RD}}}{HP}

By Lemma ??7 and Lemma 77

{REG(r) * REF(r, >0, z) * [WR]} * [RD]71"}{HP}

By Lemma ?? and Lemma 77?7

{Elh. locs(h,r) x tokens(h,1,1,r) * REF(r,>¢, x) * }
{Hp}

®aeLoc\{o} ([WR(2')], * [RD(2)],.) * [WR(z)], * [RD(2)],

{3h. locs(h,r) » REF(r,>¢, x) * [WR(z)], * [RD(2)],} {115y

{Hh. locs(h,r) * & <5, — * effs(r, d, x, —) * [WR(z)], [RD(x)]T}
{Hr}

By Lemma 7?7, Lemma ??7 and Lemma 77

{Elh. locs(hlx — =], r) * x <i>,~ —x effs(r, ¢, x,—) * [NORD(x)]T}

By Lemma 77

{Elh. regheap(hlz — —],r) * alloc(hlz — —], r) * ®(1w)ehl P W * T = — *}

{Hr}

{HP}

=B

\E/ T i>r -k eﬁs(ra ¢,JI, _) * [NORD(I‘)]T

~

- = {JE = 7}{HP}

w =

\6’ = é xr =

8 2 Bl =0)xa— 7}{HP} By Lemma 77
8| &

o

©)

1
x> vkx . — % effs(r, ¢, x,—) * [NORD(z)],
Updated region points-to by having full fraction and having both the full and the
fragmental authorative parts by AFHEAPUPD.

v'. v = () * 3h. regheap(h|x - v],r) * alloc(h[z = —],7) * @ wyenl = w *
T UkT <—1>T v * effs(r, ¢, x,v) *x [NORD(x)], (ir}

{v/. v = () *x 3h. regheap(h]z - =], 7) * alloc(h[z — —],7) * ®( w)yenl —w *}
{Hr}

{v’. v’ = () * 3h. locs(h,r) * x ‘—%n vk T <—%>T v * effs(r, ¢, x,v) * NORD(z)],
Hp
By Lemma 77 "
{v". 0" = () % 3h. locs(h, 1) * REF(r, ¢, z) * [WR(z)], * [NORD(2)], } (1)

v'. v = () x 3h. locs(h,r) * tokens(h,1,1,7) * REF(r, ¢, x) *

{®wfeLoc\{m}([WR(9«"’)]r * [RD(2')],) * [WR(2)],. * [NORD(JS)]r}{Hp}

By Lemma 77

{v'. v/ = () x REG(r) * REF(r, ¢, ) * [WR]} * ® /¢ Loc\ {2} [RD(2)],. * [NORD(QL‘)]T}{HP}

{v/. v = () % [WR]} * @100 {2} [RD(2")], * [NORD(z)], } (Hp Ro(r) Re(z))

Lemma 32 (Make type-respecting assignment).

vr,a,0,¢. [Hear] " Rea()] " REr(r, ¢, 2) ), ¢(v) F
{[WR]} * ®,/c 00 (23 [RD(2)],. * [NORD(z)],-}
xr = v

{v'. v = ()« [WR] * [RD];}
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Proof. The proof follows the same outline as above, except for the last line, before closing Ra(r), RF(z),
by having ¢(v) * [NORD(z)], we can use Lemma ?? to obtain ®,¢ ro.[RD(2’)], to which we can use
Lemma ?? to obtain [RD]} O

Proof

Context: p, M,y, HP, >ref, B (y)

{Preg(p, 1, {wrp, 7dp} s M)} g (o)), Re(y) 1)

Ra(M(p))
WRIL Rp|} REG(M
{[ R‘]M(p)*[ D}M(p)*H EG( (p)) . A[}{R,G(M(p)),RF(y),HP} Rr(y)
> 34V F(1
Context: p, M, vy, ‘HEAP‘ I ‘REG(Z\J(/}))‘ o <p)),‘REF(Z\J(p, [[BﬂMa?/))‘ !
W R
{[ ®ir(p * RPLs(p) {RG(M (p)).Rr(y) Hr}
W RD]}
& {[ Rirgp * | D]M<P>}{R,G<M<p>>,RF<y>,HP}
| @i= ()
g { = 0% [WRIjy () * BreLoc (v} [RD(2)] s, *}
— | A
\H/ [NORD(y)]M(p) {Ra(M(p)),RF(y),HrP}
E;; ﬁ Vol {’U () [W ] *®m€L0(‘\{y}[RD( )]M(p) *}
o = [NORD(y )]M(p) {Ra(M(p)),RF(y),Hp}
g WR * ®zeLoc\ {y} RD(z * [NORD
12 ~ {[ L) ezoc\(y} [RD(@)]prp) * [ W)laro {Rc(M (p)),Rr(y),Hr}
a | {[WR]}\/I(;)) * ®aeLoc\ {y} [RD ()] pr(p) * INORD(Y)arp) *
M
é True € [B] {Ra(M (p)),RF(y),HpP}
[«8)
3 x = True
2,2 _
{” 0% = 0% [WRIjy(p) * [RD]M@)}{RG<M<p>>,RF<y>,HP}
2 2
{U- =() = [WR]M(p) [RD]M(P) {Rc(M(p)),RF(y),HP}
2 02 () W R ReG(M Ra(M(p))
{” v? = () [WRJjy () * [RD]y () *[REG(M (p)) }{RG<M<p>>,RF<y>’HP}
{ () reg(pul {wrmrdp} M }{RG(M(p)),RF(y),HP}
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5 The LRg;, relation

For a pair x £ (z1,72) we have x7 £ m(z) and x5 = 72(z) when z; and x5 is not defined in the
context. Similarly, for a pair X = (X1, X3), we have X11 = 7 (X) and X, £ mo(X).

HEeAP £ 3h. heap(h,v) * | k]
SPEC(ho, €9) £ 3h, e. heaps(h) x mctx(e,) * (ho,e0) —* (h, )

1 1

REF(r, ¢, ) = Jv. 21 <—2>17T VI * Tg <—2>57T vg * effs(r, ¢, x,v)
REG(r) £ locs(r) * tokens(r)

where

1

effs(r, ¢, z,0) £ ((WR(@)], V (1 1, x5 g, ) *(RD(@)], V ((vr,05) € ¢ [NORD()],.))
locs(r) £ 3h. rheapr(hy,r) * rheaps(hs, ) * alloc(h, ) * ®(v)ch L =1V * ®p)engl = v *
® {2]we(Loc\dom(h;)) x (Loc\dom(hs))} [NORD(x)],
tokens(r) 2 ([WRJT"" V ®,eroc2 [WR(2)],) * ([RD][™ V @ roc: [RD(7)],)

alloc(h,r) & ([AL]L % [AL(hy, hs)]?) V [AL((hr, hs)))2
For M 2 RN ™ MonoidName list:

MM & Xz =25 = ()
[int} & \2. 27,25 € NA 2y = 25

[r1 x ]M £ X, Fy1, yo, 21, 22. 1 = (Y1,92) Axs = (21, 22) A
>(y1,21) € [ Ab(y2, 22) € [r]

[7 + )M & Xz, (b3(yr,ys) € [1]M. 21 = inj; yr A s = inj; ys) V
(>3(yr,ys) € [r]™. zr = inj, yr Azs = inj; ys)

[r1 =% )™ £ Xe. OVyr, ys. (>(yr,us) € [[TlﬂM) = E([r]™) (@r 1,75 ys)
[ref, 7[M 2 Az Rer(M(p), [T] o eras) " «Rea@r(p)] "M

Piors(p,r,m,e) 2 (pgrdse V[RD]T) * (p g wrs e V [WR]T) * (p ¢ als e V [AL]T)
Preg(Rvg;E,M) = (;BRPtoks(PyM(p),g(p),E) * R.EG(M(p)) Ra(M (p))
p

5er,[}\/4\(¢)(617€s) Vg € Il — Perm,j : A, ey : Exp, HP, SP, hg.

HEap| " [SPEC(ho,co)| F 1 =5 €5 % Preg(A, 1,6, M) % Prey(I1, g, £, M)}
€r
{UI' ElUS~ J =5 Vg * ¢(vla US) * Preg(Av 1757 M) * Preg(Hagvgv M)}T

Logical relatedness

11 ‘ A | T ):Bll\' €1 <log€2:T,€ £
Firs VM VT, T3 [[THM(LE[,:ES)
= 51 (P erler/a), es[zs /)

Theorem 3 (Fundamental Theorem). IfII| A |T'Fe:7,e thenII| A |T Epw e <jog €: T, €
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Proof. Proof omitted.
Theorem 4 (Soundness). IfII | A |T =g er <iog €5 : 7,6 then I | A [T e <z €5 : T,€.

Proof. Proof omitted.

5.1 Example: Type violating assignments

Consider the following two programs:

We would like to show the following:
| p|x:ref, Blpner <ex: 1, {wr,,rd,}
which means that we have to show:
A
EEMP,MP},M([[I]]M)(% e2)
Lemma 33.
Vr. REG(r) * [RD]} & REG(r) * ®zeroc2 |[RD(x)],

Lemma 34.

Vr,m, ¢, x,v.
{[WR]} * [RD(2)], * REF(r,>¢, x) * REG(r) * HEAP}
T =
{w. w= () * [WR|I x [NORD(x)], * REF(r, ¢, x) * REG(r) * HEAP}
Proof. Follows from view-shifts shown in the article and appendix
Lemma 35.
v.]'7 ’r7 Tr, ¢7 1‘7 v.
{j =5 x5 = vg x [WR]] * [NORD(z)], * REF(r,>¢, ) * REG(r) * HEAP * ¢(vy,vg)}

Xr = vy
{w. w=()*j=g5 () *x[WR]] * [RD(x)], * REF(r, ¢, x) * REG(r) * HEAP}

Proof. Follows from view-shifts shown in the article and appendix
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Context: x,j, M, p,up Sp

// Let r = M(p) and R = {Hp, SP ,RF(z),Ra(r)}
{j =5 Ts = true x [RD WR *|REF(r [[IHM * WRG(T)}R
{j =g Ts = true * [RD WR * | REF(r [[1]]1\/1 ’RT(T)‘RG(T)}R

{j =g rg := true* [RD]! x [WR]! * bREF(r, [[1]]M, x) * >REG(r) * DHEAP x* DSPEC}

// Follows from VSTIMELESS
{j =g rg := true * [RD]! x [WR]! * REF(r,>[1]M, z) * REG(r) * HEAP * SPEC}
// Follows from Lemma 77
j =g rg := truex [WR]L x REF(r,>[1], z) * REG(r) * HEAP * SPEC *
{®m€Lo(:2 [RD(*%')]T }
zi= ()

Open R

g // Follows from Lemma 7?7

b= {u} w=()*j=g5 x5 := true x [WR]! * REF(r, [1]™, ) x REG(r) * HEAP * SPEC *}
. ®yeL00t\(«}[RD(9)], * [NORD(2)],

3 Rr(x r
s {w w= ()] =s s = truex [WR] «|[Rer(r, [1]Y, z) e REG(7) e *}

7| \serocnin BOG)),  [NoRD()], .

5 j =5 rg := true x [WR]. x REF(r,>[1], z) * REG(r) * HEAP * SPEC *}

g ®yeLoc2\ {2} [RD(Y)], * [NORD(z)],

FS x = true

A

// Follows from Lemma 77

{w’. w' = () *j =g () * [WR]L * REF(r, [1]™, 2) * REG(r) * HEAP * SPEC *}
®y€LocQ\{x}[RD(y)]r * [RD()],.
w.w' = ()% j =g ()% [WR]L « REF(r, [1]™, ) * REG(r) * HEAP % SPEC *}
®yecLoc? [RD(y)]T

// Follows from Lemma 77

o w = () xj=s 0 [WR]l*REF( [[1]]M ) REG()*HEAP*SPEC*[RD},%}

{0 = 043 s O+ W Rt (1.0 *m O ol
{w’. Jwg. j =5 ws * [WR]T * REF(r, [[1]]M,at) i REG(r ) 4 [RD * [1]M (v, ws)}R

Open R

5.2 Example: Local state

We have intensionally defined our logical relations to support local state that is not tracked by the
type-and-effect system. This means that we can for instance prove that a pure expression approx-
imates an impure expression at a pure effect type, because the impure expression uses untracked
local state. To illustrate, consider the following two functions:

A A -
e1 = true es = let x = new true in !z

thus we would like to show:
|| FEmer 2ex: B0
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> SJ

Context: m, '
{j =5 e}

& | {SPEC*j =g e}

é {SPEC * Jug. j=s !’US * Vg g true}

O | {SPEC * Jug, vi. j =5 Vg * vg g true x v = true}
{Jvs, vy. j =g Vs * vg = true}

true
{vr. v = true x Jug,vg. j =g v * vy = true}
{111. . j =5 v * (vr,vg) € [[B]]M}

As a consequence of this choice to allow local state not tracked by the type-and-effect system, it
is possible to have non-determinism in expressions that we deem semantically pure. For instance,
the following expression returns 1 or 2 non-deterministically, but can be proven to be semantically
pure, because it only uses local state.

eZletr=newOinz := 1|z = 2;!z
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6 The LRp,, relation

For a pair x £ (z1,72) we have x7 £ m(z) and x5 = 72(z) when z; and x5 is not defined in the
context. Similarly, for a pair X = (X1, X3), we have Xy = 7(X) and X, = m2(X). We assume
a list of monoid-names v to be defined globally. A spec can either be active (m < 1) or finished
(m=1).
HEAP £ 3h;. heapr(hy) * |hy]
REF(r, ¢, 2) £ Jv. ref(r, ¢, z,v)
REG(r) = 3h. locs(h,r) * toks(1,1,7)

SPEC(ho, €9, ¢) = h, e. heaps(h, ¢) * mectx(e, ¢) * (hg,eq) —=* (h,e) * ([SRE v ([SR]C% x disjr (ho, h)))

where

1 1
ref(r, d),x,v) = xrr r_2>I,T Vr *Tg ‘_2>S,1“ Vg * eﬁS(Ta ¢,SU,’U)

Nl=

effs(r, ¢, z,v) = (Wr(z)], V (21 <—%>I,r _kLg g, ) *
(IR}, V ($(vr1, vs) * [NORD(x)],))
locs(h,r) = 3Cs. locs(h, 7, (s, (s)
locs(h,r,(s,(s") 2 rheapr(hy,r) * rheaps(hs, ) * alloc(h,r) *
slink(r, Cs, hg, %, i) * @1 vyeh L U * Beecs Bv)ehs | »—)é v *
®ze(Loc\dom(h;))x (Loc\dom(hs)) INORD(Z)]
slink(r, (s, hym, ') 2 (IMU(r, ¢s)]™ V [IM(r, Cs, h)]™ )
) = (IWR]T*" V ®zeLoc2[WR()],) * ([RD]I™ V ®zeroc2 [RD(2)],)
alloc(h,r) £ ([AL]} * [AL(hI,hS)]ﬁ) V [AL(h, b))t
h) £ Jhy . [hy]g A dom(hg) Nhy =0 A (dom(h) \ dom(hg)) C hy

(1>

toks(Trdy Twr, T

disjg (ho,

MM & X\e.zp =25 = ()
[[int]]M L2 )\z.z5,25 € NAzr = xg
1M £ Xz 3yr,y2, 21, 22. @1 = (y1,42) A s = (21, 22) A
>(y1,21) € [m]™ Ab(y2, 22) €[]
[r + m]M 2 Xe. (b3(yr, ys) € [1]M. xr = inj, yr A g = inj; ys) V
(>3(yr,ys) € [r]™. xr = injy yr A 25 = inj, ys)

[r1 —IA ] 2 Ae. Oy, ys. (51, ys) € [1]™M) = X5 ([=]M) (@1 yr, 25 ys)

[ref, 7] £ Aa. [Rer(M(p), [[[",2)| " *Rec(M ()"

[[7’1 X To
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Pour(Rog,6,M,Q) 2 (R [MU(M(p), {CH]* «

pEmutable(R,g,)

3Cs. slink(M (p),{C} W (s, h, g(p), 9(p))
p€ R\mutable(R,g,e)

Pioks(p,r,m,e) 2 (p&rdse V [RD]T) x (p € wrs e V [WR]T) x (p € als e V [AL]T)

Ra(r)
PTEQ(R797€7M7€) éppaT(Rv % Og7€aMa C) * @ Ptoks(p;M(p)ag(p)7€) *m
pER

mutable(R, g,e) Z=wrseUalse U{p|p€ RAg(p) =3}

SS}Q(cﬁ)(eI,eS) L£Vg eIl = Perm,j € A, ey € EXP, hg, (.
\HEAP\HP,\SPEc(eO, ho,()\sp(o =
{J S5 €5 % [SRIT # Preg(A, 1,8, M, ) % Prey(IT, g,2, M, )
er

{UI- ElUS' j :C>S Vg * [SR]‘g * PTeg(A7 17€7M7 C) * PTeg(Hag7€7M7 C) * ¢(UI7US)}T

Logical relatedness

11 ‘ A | T ):PAR €1 Slog€2:7—a€ £
Firs VM VT, T3 [[THM(xb l'S)

— NI (e far/a], eslas /2])
Theorem 5 (Soundness). IfII | A |T =g er <iog €5 : 7,6 then I | A [T e <ciz €5 : T,€.

Proof. Proof in end of appendix.
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6.1 Fundamental Theorem
Theorem 6 (Fundamental Theorem). IfII| A |T'Fe:7,e thenII| A |T Epw e <jog €: T, €
Proof. Hard cases are shown below O

We will use the predicates below to make proving specific properties about their internal state
easier. The intended meaning and naming remains.

SPEC(ho, b, €g, e,m, () = heaps(h, ¢) * meta(e, ¢) * (ho,e0) =" (h,e) * [SR]T *
(7 =1V (1 < 1% disjg(ho, 1))
1
SpEC(hg, €9, ¢) = 3h, e. SPEC(ho, h, e, €, 5,C)

S(C?j? h07607677T7R7g78uM) = SPEC(eO7hO7<) S *] és € * [SR]E— * P’r‘eg(RA7 1757M7 C) *
PT@g(RnagagaM7<)

Open invariants

Lemma 36 (Can remove >).

>HEAP = HEAP (1)

V¢. >SPEC(hg, €9, () = SPEC(hg, €9, () (2)
Vr. >REG(r) = REG(r) (3)

Vr, ¢, . >DREF(r, ¢, 2) = REF(r,>d, x) (4)

Proof. > commute over * and all assertions inside are either ghost-resource or pure statements thus
we can use TIMELESS to remove the . O

Specification reduction

Lemma 37 (Specification reduction / no allocation).

. / ! / /
VJ,60767€1,€1,61,7T,7T 7h07hah’ aK7<'

(heaps(h,C) * disju (ho, h) = heaps(h',¢) * disju (ho, h') =
SpEC(ho, h, €o, €, , () * [SR]? * ] és Klei] % (h,e1) — (B, €})
= 3¢/. SPEC(ho, W, €0, e,,C) % [SRIT % j S Kle}]
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Proof.

(unfold) =

(Lemma 77) =

(Lemma 77) =

(ass) =

(Lemma 77) =

(fold) =

Lemma 38 (Spec

SPEC(hOa h7 €0, 6,7’(,() * [SR]Z'T/ *J és K[el} * (hv 61) - (hlv 6/1)

heaps (h, ) * mctz(e, () * (ho,e0) =" (h,e) * [SR| *

(mr =1V (7 < 1xdisjg(ho,h))) = [SR]ZH *J =§>5 Kleq] * (h,e1) — (W, €})
heaps(h, ) x mctxz(e, ) * (ho,eq) = (h,e) * [SR]Z"’”/ x disjp (ho, h) *

J S K (hyer) — (B e})

k. heaps(h ¢) * mctx(e, ) * (ho,e9) = (h,e) * [SR]ZJF”I x disjp(ho, h) *
jés (h,e1) — (h’,e’l)*kég el

Jk, €. heaps(h ¢) xmetz(e',C) * (ho,eq) =™ (W, e) * [SR]?*”/ x disjp(ho, h) *
jSs K ] % (h,e1) — (W, e}) xk S e

Tk, €. heaps(h',g) xmetz(e,C) x (ho,eq) = (W, e) * [SR]ZJ”T/ x disjp (ho, h') *
J S K | % (hyer) — (B, €e)) x k S el

Ik, €. heaps(h’,C) xmetz(e', C) x (ho,eq) —* (W, €) * [SR]’CTJ“T/ x disjp (ho, h') *
J S K (hyer) — (B e})

3¢’ SPEc(hO,h ce0 €y, C) % [SRIT # j =g K}

pure reduction step).

Vey, ey, h, K,7. (h,e1) — (h,e}) =
. se(¢) - se(¢) -
V¢, j. (SPEG(ho, €0, Q) % j S5 Kea] * [SRIT Ssuce) [SPEC(ho, €0, Q) % j S5 Kle}] + [SR]T)

Proof.

Sp

SPEC(ho, €0, )| ) % j g Kler] + [SR]Z

(VSInv) O=0 58prc(ho, €0, () * j =5 Kler]  [SR]T

(Lemma ?7)

(unfold) =

(Lemma ?7)

(fold) =

= SPEC(ho, €0, () % j S5 Klex] * [SR]T
3h, e. heapg(h, () * metx(e, C) * (ho,eq) —* (h,e) * ([SRE V ([SR]

ES

o=

disjr(ho, h))) % j = Klex]  [SR]Z
= 3h,€. heaps(h, () * meta(e', () * (ho, e0) —* (h,€') * ([SR]¢ V ([Sr];

*

EaaSt

disjp(ho 1)) * j =5 K e’l * [SR]T
SPEC(ho, 60, >k J és SR]

(VSCrose) [SPEC(ho,€0,C)] *jéSKel*[sR}g
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Function abstraction

Lemma 39. If
[r—=D A )M (fr, f5) F EX () (er,es)  (H1)

then
[ri—A 7 ]M (rec f(x).e5, rec f(z).es)
Proof. Lob-induction, thus we have to show:
OVyr, ys. ((yr,vs) € [n]Y) = 53}\1/}([[72]]]\/[)(’80 f(x).er yr,rec f(x).es ys)

under the assumption &([r;—A 7] M (rec f(2).er,rec f(x).es5)):

Context: h’Oa €0, ja Cﬁ 9, D([[T]HM (,1/[, yS))% D([[Tl_hleA TQHJ\] (f[ﬂ fs))ﬂ ‘HEAP‘Hpﬁ ‘SPEC’(h’Ua €0, C)‘SP(Q)
{755 rec flw).es ys + [SRIT # Preg(A, 1,2, M, Q) * Prey(IL, g,2, M, ()
{Hp,SP()}
rec f(z).c1 y1
{UI- Ele- HTQ]]M(UI’US) *] éS Vg * [SR}ZF * Preg(Aa 1,€7Ma C) * Preg(H>g7Ea Ma C)}
{Hr,SP(¢)}
We can take a step, thereby remove the > from the context
: ; M A 1M i e Sp(¢)
Context: }1’07607ja<77‘_7g! [[T]ﬂ (y['ﬁys)'ﬂ [[T]_>5 TQH (ffafS)a‘HEAP‘ 7‘SPEC(h’U7607<)‘
{] és eS[yS/xva/f] * [SR]S— * P’f’Eg(Av 1757M7 C) * Preg(l_LngaM?C)}
{Hr,SP(¢)}
erlyr/z, f1/f]
{UI- Ele- HTQ]]M(UI’US) *] éS Vg * [SR}ZF * Preg(Aa 17€7M5 C) * Preg(H>g7Ea Ma C)}
{Hr,SP(¢)}
Now we can apply H1 with y; and yg.
O
Function application
Lemma 40.
v’Ul, U2aj7 , A7 H7 g, hOa €0, C’ M.
Hp Sp(¢) LA _ 1M M
HEAP| ,|SPEC(ho, €0, ()] =t ] (vir, vis), [T (var, vas) F
{.] és V18§ V28 * [SRVC‘— * Preg(A7 17€7M7 C) * Preg(l_Lg)ea Ma C)}
V11 V21
{or. g j S5 vs % [l (v1,0) # [SRIT # Preg(A, 1,2, M, ) # Preg(IL, g, 8, M, ()} .

Proof. Unfolding [r;—0A 75]M (v11,v15) and apply that the computations are related, thus we have
to show [71]™ (var,v2s), which we have from our assumption. O

Par

regs(e) = {r | r €rdscUwrseUalse}
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Lemma 41 (Splitting region).
VRla RQ,Q, €1,€2, M7 €

Preg(R1 W Ry, g,61 Ueg, M, () x regs(e1) C Ry * regs(ez) C Ry
> Preg(RhgaElvaC)*Preg(R2a97527M7C)

Lemma 42 (Assembling regions).

VRlaR27ga€17€27MaC'
P’l‘eg(R17g7617Ma C) * Preg(R2aga52aMa C)
= Preg(RlL'HR%gaElU‘gQaMﬂC)

Lemma 43 (Changing region).

VR,Q,El,ég,M,C.
Preg(R, 9,61 Uea, M, ()
= Preg(R, %aglvM, C) * Preg(Ra %a527M> C) * PTGg(Rv %,51 UEQ\El 052,M, C)

where
a(p)
p € dom(yg
%(P) £ 2 ( )
1 otherwise

Lemma 44 (New expressions in evaluation contexts).

Vj,er,en. j s er|lex = Thi ko § o k|| ko x ki S er# ks g e
Proof. Follows from Lemma 77.

Lemma 45 (Substituting expressions in evaluation contexts).
Vi, k1, oy 01, v s ki || ke % k1 s 1% ke S5 02 S s o1 ||

Proof. Follows from Lemma ?77.

Lemma 46 (Par).

\v/.ja hOa60561762a<77T7A17A27A3aH7€1a627M7957—17T2'
regs(e1) C Ay UA3 UTIA regs(es) C Ay UA3 UTI =

. . H Sp(¢
(EMADM ([ ]M) (047, 1), ETAD A2 ([r,] M) (ear, e25), [HEAP] ", [SPEC(ho, €0, C)
g b2 89) ([ 5 ] M) (enr || ear, exs || €2s))
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Proof.

Context: 7, hg, eo,e1,e2,(,m, A1, Ao, A3, 11, 69,60, M, g, 71,72
Context: EMA M ([7]M) (exr, exs), ET 2 ([72]M) (ear, e2s),[HuAP| " [SPEC(ho, €0, C)
{j S5 ers | eas * [SRIT % Preg(Ay WA W Ag, 1y Uea, M, Q) # Preg(IL, g,61 Uz, M, g)}
// Lemma 77
{j S5 ers | eas # [SRIT % Preg(Ay, Liey, M, Q) % Preg(Aa, 1,£9, M, ) *}

Preg(Asg, 1,61 Uz, M, Q) * Preg(Il, g, 61 Uea, M, () (HP,SP()}
// Lemma 77

j ég e1s || e2s * [SR]C% * [SR]C% % Preg(A1,1,e1, M, Q) % Preg(Aa, 1,69, M, () *

Preg(As, 2,61, M,C) * Preg(As, 2,62, M, () * Preg(As, 2,61 Uz \ e1 Nea, M, () *

PTCQ(H7%a€17M7C) *Preg(H7g7€2aM7C) *PTGQ(H7 %751 UEQ \81 ﬂ€2,M7C)

‘SP(C)

{Hr,Sp(()}

{HpP,SP(0)}
rell

= ke

// et g(r) 21 e,

1 otherwise

{j S5 ers |l eas # [SRIZ # [SRIZ # Preg(Ar, 1,61, M,C) # Preg(As, 1,2, M, () # }
Preg(AsWIL g’ e1, M, () % Preg(As WIL, ¢’ 62, M, () % Preg(As WII, ¢’ 61 Uey \ €1 Nea, M, () (P 5P (0)}
// Lemma 77

Jk1, k. 7 és ki || ke % k1 és e1s * ks és €ag * [SR]C% * [SR]? % Preg(A1,1,e1, M, Q) *

Preg(Aa, 1,69, M, Q) % Preg(AsWIL, g’ 61, M, () % Preg(Az WII, ¢, €2, M, () *

Preg(AB&JHaglyslU€2\510525Ma<) {Hp,SP(¢)}

{3k17k2~ kl éS €15 * [SR]C% * Preg(Ala 17513M7 C) * Preg(A?) o) Hag/3517M7 C) *}
k2 éS €25 * [SR]E * P’reg(A27 1a€27 M7 C) * Pr’eg(AS ) H?.glaEQa M7 C) {Hp,SP(¢)}

{Hkl kl és €18 * [SR]C% *Preg<A1713515Ma C) * Preg(AB H'JH7gI7€1aMa C)
{HP,SP(¢)}

€1r

{011. Jk1,v1s. k1 éS vig * [1]M (vir, v1s) * [SR]C% * Preg(A1,1,61,M,() *}
PT@Q(A?) LﬂHaglzglva C) {Hpr,SP(¢)}

€11 || €ar

Frame

{Ele k2 éS €25 * [SR]? * P7‘eg(A27 laEQaMa C) * PT'eg(A?) U] Haglvg%Ma C)}{HP Sp(0)}

ear
{U21~ kg, vas. ko és vas * [T2]M (var, vag) * [SR]E % Preg(A2,1,62,M,() *}
Preg (AB W I, 9/7 €2, M, C) {Hp,SP({)}

vr. 3k1, ka, v15,v25. v1 = (vir,var) * [T1]M (v1r,v18) * [T2]M (var, vas) *
k1 =5 v1s * [SRIE % Preg(Ar, L e1, M, () * Preg(As WL g/ €1, M, () *
k2 éS V2§ * [SR]CE * Preg(A27 1,527M7 C) * Preg(A3 o) va/7€27M, C)

{0,59()}
vr. Fky, ko, v1s,v2s. v1 = (vir,v2r) * [T )M (vir,v18) * [T2]M (var, vas) *

J és vig || vas * Ky és v1g * ko és Vag * [SR]C% * [SR]? % Preg(A1,1,e1, M, Q) *
Preg(Aa, 1,69, M, Q) % Preg(AsWIL, g’ 1, M, () % Preg(Az WII, ¢’ €2, M, () *

Preg(AB&JHag/751U52\51 OSQ;M;C) {Hp,SP(¢)}
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// Lemma 7?77
vr. uis, vas. v = (vir,var) * [T ]M (vir, v1s) * [T2]M (var, vasg) *
j és v1g || vag * [SR]C% * [SR]C% * Preg(A1,1,e1,M,() *
Preg(Aa, 1,69, M, Q) % Preg(AsWIL, g’ 61, M, () % Preg(Az WII, ¢, €2, M, () *
Preg(AsWIL ¢’ 61 Uea \ €1 Nea, M, Q)
// Lemma 77
vy. s, v25. VI = (U1I,U21) * [[71]]M(U11,U1S) * [[TzﬂM(UQI,U2S) *
S5 vis || vas * [SRIE % [SRIF # Preg(Ar, 1,61, M, ) #
Preg(A2,1,69, M, () % Preg(As, 1,61 Uea, M, () * Prey(IL, g, 61 Uea, M, ()
// From regs(ey) & Ay and regs(es) € Ay
vr. Juis, vas. v = (vir,var) * [T ]M (vir, v1s) * [T2]M (var, vas) *
J és V1 || vag * [SRIT * Preg(A1, 1,61 Uea, M, () *
Preg(A2,1,e9 Ueg, M, () % Preg(As, 1,61 Uea, M, () * Preg(Il, g, 61 Uea, M, ()

{Hp,SP(()}

{HP,SP(C)}

{Hr,Sr()}

vy. s, v25. VI = (UU,UQI) * [[71]]M(U117U1S) * [[TzﬂM(WQI,UQS) *
S5 v1s || vas * [SRIT # Preg(Ar W Ag W Ag, 1y Uea, M, () #
Preg(Il, g, 61 Uea, M, Q)

{Hp,SP(¢)}
// Pure step
S5 (15, vas) * [SRIT # Prog(A1 8 Ag W Ay, 1,61 Ueg, M, () #
reg H y9,€1 Ueg, M, C) {Hp,SP()}

{UI s, v25. v7 = (U1I,U21) * [[71]]M(U117U15) * [[TzﬂM(Uﬂ,Uzs) *

vr. Jug. ] és Vg * [[Tl X TQ]] (’U[,Us) * [SR]Er * Preg(A1 W A2 G} A3, 1751 U 527M7 C) *}
Preg(1, 9,61 Uea, M, () (Hp,SP(0)}

Read
Lemma 47 (Trade read tokens).
vr, o, 7. [REG(r)|" F [RD]T {40 3h. locs(h, 7) * toks(m,1,7) % @ e Loc2 [RD(2)],
Y7, t. L - Ro]! W @,cp0:[R(2)],
Lemma 48 (Read effect ensures well-typedness).

Vr, ¢,z 0. effs(r, ¢, z,v) x [RD(x)],
= effs(r, ¢, x,v) * [RD(2)], xv € ¢

Lemma 49.

Vh,rx,y, m locs(h,r) « x <51,y = locs(h,r) x & <57, yx hi(z) =y
Lemma 50.

Vh,r,x,y, m. locs(h,r) * & <>g, y = locs(h, 1) x & g, y* hg(z) =y
Lemma 51.

Vh,r,(,m
locs(h,r) = [Mu(r, {C}H]™
= locs(h,r, {C},{C}) * [Mu(r, {C})]"
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Lemma 52.

Vh,hg,r, (s, .
locs(hyr) * [IM(r, (s, hg)]™
= locs(h,r,(s,(s) x [IM(r, (s, hg)]™ * hg = hr

Lemma 53.
vh’ r’ y7 C’ C'S, CS/’ Tr'
locs(h,r, (s, {C} W(s)

& locs(h,r, (s’ (s) * ®(1,0)ehs! r—)é v
Lemma 54 (Implementation dereference).

Vr,x,v, h, .

{HEAP «x S, vxlocs(h, r)}

lz
{U'. HEAP % 2 <5, v % locs(h, ) v/ = v}
Proof. By Lemma 77 and definition of locs. O
Lemma 55 (Specification dereference).
Vho, hs, e, e, 7,7, (, z,v, .
SPEC(hg, hs,eq,e,7, () * »—>g R és Iz * [SR]?I

= SpeC(hg, hs, e, e,,() xx .—>g Ry és v * [SR]E“/

Proof. x Hfg v asserts hg[r — v]. From our operational semantics we have (hg[z — v],lz) —

(hs[x +— v],v) and since we do not change the heap the update of ghost-state follows from Lemma ?7?.

O
Lemma 56 (Specification dereference for region).
Vi, x,v,r hhg, ¢, (s, mon’ 7.
SPEC(hg, €9, () * j és Iz * [SR]ET” * T i)S,r v x locs(h, 1) * slink(r, (s, hg,7,7') * € (s
= SpPEC(hg,€0,() * j és v * [SR]’CT” x T ‘is,r v locs(h,r) * slink(r, (s, hg, m, ")
Proof. By Lemma ??, Lemma 7?7 and Lemma ?7. O

Lemma 57.

vr7 Qs, x? C) <87j’ h7 7T’ 7T/7 7TN'

‘ RF(w) |7

Hear|"",[SPEC(ho, €0, O [REF(r, 6, 2)

{j és leg * [SR}?H x locs(h,r) x [RD(z)],. * slink(r, {C} W (s, hs,’iT,’lTl)}
!x[
vr. Jvg. j és vg * [SR}Z“” x locs(h,r) x [RD(z)], *
slink(r, {¢} W (s, hg, m, ') * (vr,v5) € ¢ (Hp.Sp(C) RE(2)}
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Proof.
Hp Sp
Context: 7, ¢,x,(, (s, 7], /),.,Tr,7r’,7r”,‘HEAP‘ },‘SPEC(hO,co,C)‘ NO,‘REF(T', oz)‘

{j és lzg * [SR]’CT” x locs(h, ) * [RD(2)],. * slink(r, {C} W (s, hg, T, 71")}

RF(z)

{HP,SP(¢) RE(2)}

// > moved by Lemma 77

{HEAP % SPEC(ho, €g, () * j és lrg * [SR]EU * Ju. ref(r,>d, x,v) * locs(h, r) x [RD(z)], *}
stink(r,{C} W s, hg,m, ') 0
lzy

// Unfold ref and apply Lemma 77
v?. HEAP x SPEC(ho, €9, () * j és lzg * [SR]ZT” x Ju. ref(r, d, x,v) * locs(h, ) *}
[RD(z)], * v; = v% * slink(r, {C} W (s, hg,m, ) g

// Lemma 77

{v?. HEAP * SPEC(ho, €9, ¢) * Jv. j és Vg * [SR]’CT” « ref(r, ¢, x,v) x locs(h, 1) *}
[RD(z)], * v; = v% * slink(r, {C} W (s, hg,m, ) 0

// Lemma 77

{U%. HEAP * SPEC(hg, €9, () * Jv. j és vg * [SR]’CT” x ref(r, ¢, x,v) * (v}, vs) € ¢ *}

Open HP,SP({), RF(z)

locs(h,r) * [RD(x)],. * slink(r, {C} W (s, hg,7,7") 0
{v%. Jug. j és Vg * [SR]’CT” x locs(h,r) * [RD(z)), *}
slink(r, {C} W (s, hg,m,7') * (v}, vg) € ¢ (Hp Sp(¢) Re(x))}
O
Lemma 58.
Vr, ¢,y he [MU(r, {CH]™ < slink(r, {C}, h, 7, )
Lemma 59 (Read).
vr, ¢,z o’ w7 5, ¢, Cs, b
Hear]" [SPEC(ho, e0, 0 RE()]" ", REr(r, o) ) F
{j S lrg [SREW * [RD]7 * slink(r, {C} W ¢s, h, 7', 7TH)}
oy
{’U]. Jug. j . [SR}?W * [RD]7 * slink(r, {C} W ¢s, hy 7', 7") % (v, vg) € qﬁ}{HP)SP(C)’RG(T)’RF(w)}
O

Proof. By Lemma ?? and Lemma ?7.

Write
Lemma 60 (Trade write tokens).
vr, o, . [REG(r)|" F [WR]T 11 3h. locs(h, r) * toks(1,m,7) * ®pepocz [WR(z)],
wr, 1. RG] F [WR]E (1 @400 [WR(2)],
Lemma 61 (Assign in concrete code).

YV, v.
{HEAP *xx — —}
T =0
{v'. v = () * HEAP x x — v}
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Lemma 62 (Assign in specification code).

Vh07€037ra7r/aC7j7eaxav'
SpEC(hg, €9, () * j és T = vx*[SR|]{ *x r—>§ -

= Spec(hg,ep,() *j és () * [SR]’: * X +—>g v

Proof. xS — asserts hg[z — —]. From the operational semantics we have (hg[z — ],z = v) —
(hs[z — v],()) and since we do not change the domain of the heap, the update of ghost-state follows
from Lemma ?7. O

Lemma 63 (Exclusive ownership of region-references).

Yr, @, x,v.
ref(r, ¢, z,v) * [Wr(z)],

& [WR(@)], * 21 10 01 % 25 g, vs * ((RD(2)], V (v € ¢ % [NORD(2)],))
Lemma 64 (Update related locations with related values).
vr, ¢, z,v.

I <—1>17T T <—1>57T vg *v € ¢ * ([RD(2)], V (v € ¢ x[NORD(x)],.))
3 ref(r7 ¢,$,U)

Lemma 65 (Assignment).
vr7 ¢’ x’ U’ h?j’ C7 7T7 7T/'
Hear! ™ SpE(ho, co, ()" [REF(r. 6,2)

- {i S5 ms = vs % [SRIT *locs(h,r) « [WR()], = [MU(r, {CH] * 6(v)]

‘RF(ZE)

{v’. v'=()xj és () * [SR]’CT/ * locs(h, r) * [WR(z)], * [MU(r, {C})]’T}{HESP(C)’RF@)}
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Hp Sp RF
Context: 7, (/5,.77,1),h,j,(,ﬂ,ﬂ",‘HEAP‘ 1,‘SPEC(hO,eo,C)‘ I(O,‘REF(T, Or)‘ P(w),(,s‘)(’z;)

{j Ssas = vg* [SR]Z“/ x locs(h,r) x [WR(x)], * [MuU(r, {C})]”}

{Hp,SP(¢),Rr(z)}

{HEAP * SPEC(hg, €9, () * REF(r, ¢, x) x j ég Tg = Ug * [SR]ZT/ x locs(hy 1) *}
[WR(z)], * [Mu(r, {¢})]" 0
// Lemma ?77.
{HEAP * SPEC(hg, €9, ) * j és Tg = vg * [SR]’CT/ x locs(h,r) * [WR(2)], * x1 <—1>1)T — *}
1
zs s, —* ([RD(2)]r V (=, =) € ¢ * [NORD(2)],.)) * [MU(r, {C})]" 0
// Lemma 7?7 and Lemma 7?7 and unfolding of loc,s
HEAP x SPEC(ho, €9, () * j ég Tg = Vg * [SR] « 3h, Wy hy = hp W [z — —] *
hs = hg W [rg — —] * slink(r, {C} , hs, % 2, 1) * rheap;(h;, r) x rheapg(hg,r) * alloc(h,r) *
1
@(l U)eh’l UKL > — % ®(l v)en) l '—>S V*Tg '—)S [WR( )} kT e — K
15 s, —* (RD(@)] V [NORD()],)  [MU(r, {CH)]" 0
o {HEAP * SPEC(ho, €9, () * j és Tg 1= Vg * [SR]’CT/ X T[> — * Tg »—)é —}@
E © Ty (= vy
= g {v} v} = () * HEAP * SPEC(hg, €0, () * j és Tg 1= Vg * [SR]E, X T[> U ¥ TS »—>g —}0
& | &=
2 // Lemma ??
Q-‘ ’
T {fv} v} = () * HEAP * SPEC(hg, €, () * j és * | SR T % Ty UL * XS n—>g US}(Z)
o
§ vk, v} = () x HEAP x SPEC(ho, €9, ) * j és w3 Wy, by = RWyleg e =]
hs = hs[zg — —] * slink(r,{C}, hs, 3, 4) * rheapf(hj7 r) x rheapg(hg,r) * alloc(h,r) *
®(l,v)eh’1l U %X U % ®(l,v)6h'sl i—>S V*Tg +—>g vg * [WR(I)]T * Ty (—1>I,r — *
1
zs s, —* ([RD(2)], V [NORD(2)],) * [MU(r, {C})]”
// Updated region points-to by having full fraction and having both the full
and the fragmental authorative parts by AFHEAPUPD
vk, v} = () x HEAP % SPEC(ho, g, () * j és e
B = (hr[zr — vi], hslxs — vg]) * locs(h', ) * [WR(m)]T *x T <—1>1)T VI * Tg <—1>S,T vg *
(RD ()] V (&(vr,v5) * [NORD(2)]:)) * [MU(r, {C})]” 0
// Lemma 7?7 and folding of REF predicate.
{v}. 3’ vk, v} = () * vl = () x HEAP * SPEC(hy, €0, () * j Ss v * [SR]ZT' *}
locs(h',r) * [WR(z)], * REF(r, ¢, x)  [MU(r, {C})]" 0
{v}. 30’ vl g S v * [SR]’CT/ s locs(h', 1) * [WR(z)], * [Mu(r, {¢})]™ * [1]M (v} }{HP S50 (2}
O
Lemma 66 (Write).
Vr? ¢7 -7/‘7 C?j’ 7T7 W/’U'
Hear]™, [SPEC(ho, 0,0 [Ruc(r) " [REN(r, 6, 2) "
[ {j és Tg = Vg * [SR]’{ * [Mu(r, {C})]" * [WR]] % qﬁ(v)}
Ty (= Uy
™ ™ M
{0-5 25 0 SR+ MU ACHI™ * IWRIE < L0, )} s g0 meon ey
O

Proof. By Lemma ??7 and Lemma ?7.
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Allocate
Lemma 67 (New location in disjoint domain).
VU, hOa ha C
heaps (h, ¢) * disju (ho, h)
= 3n,z. M =hWz— (1,v)] % heaps (I, ()*dzsyH(ho,h)*a:»—)gv

Proof.

heaps(h, ¢)  disju (ho, h)

(unfold) = Jhy. heapg(h,() * [hy]g A dom(hg) Nhy =@ A (dom(h) \ dom(hg)) C hy

(below) = 3Jhy,z. heapg(h, () * [hy|g A dom(hg) Nhy =0 A (dom(h) \ dom(hg)) C hy *

x ¢ dom(h) * z € dom(hy)

(rewrite) = Jhy,z,h'. B = hW [z — (1,v)] *x heaps(h, ) * [hy|u A dom(hg) Nhy =0 A
(dom(h') \ dom(hg)) C hy * x & dom(h)

(fold) = 3Fz,h’. K = h [z — (1,v)] * heaps(h, ) * disjp (ho, h')
(FPALLOC) = Ja, b’ B = h W [x — (1,0)] * heaps(h', ¢) * disjs (ho, ') * 2 =S v
From hy being enumerable and dom(h) being finite, we can pick an x such that « ¢ dom(h) and

x € dom(hy).
O

Lemma 68 (Trade allocate token).
Yh,r, 7. alloc(h,r) * [AL]T < [AL]T % [AL(hr, hs)]2
Vh, . alloc(h, ) % [AL]L < alloc(h, r) * [AL(h1, hs)]2
Lemma 69 (Allocate in concrete code).

Va,v.
{HEAP}
new v
{l. HEAP % | — v}

Lemma 70 (Allocate in specification code).
ve07h07jaxavaCa7T
SPEC(ho, €9, ) * [SR]{ * j és new v

= SpeC(ho,ep,() *j :<>g * [SR|E * Jz. x »—>f9 v
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Proof.

SPEC(ho, €, () * [SR]T * j ég new v
= 3h,e,n’. SPEC(ho, h, e, e, 7, () * [SR]T * j és new v
= 3h,e, . heaps(h,¢) x metx(e, ) * (ho, e0) = (h,e) * [SRIT T« disjz (ho, h) *
J é}g new v
(Lemma ??7) = 3h,h e, n’. heaps(h', () * metz(e, €) x (ho,eq) —* (h,e€) * [SR]’CT'J”T « disjp (ho, h') *
i new v« x —§ v b =hi [z — (1,0)]
(Lemma ?7?) =  3h' ¢, n'. heaps(h', ) x mctxz(e, () * (ho,eq) —* (W, €) * [SR]?"‘7r x disjp (ho, ') *
J é)g ()xx »—>§S v
(fold) = 3n',¢',n’. SPEC(ho, I, €0, €', 7", () * [SR]T * j Sq Oxz—=$o
(fold) = SPEC(ho, €0, C) * [SRIZ *j S () ¥ 2 =5 v

We can take the step (h,new v) — (h'[x — v],()) since we have z ¢ dom(h).

Lemma 71 (Extending region heap).

Vx,v, T, T, L. ML

F ozr—or*xag »—>§5 vg * [AL]] « [Mu(r, {¢})]"
D20} 4; Sy, 0 v ag s, vs * [NORD(2)], % [ALT # [Mu(r, {C})]7
Proof. By VSINv we obtain >(3h. locs(h, ) xtoks(1,1,7)) and we can remove the later by Lemma ?7.
By having locs(h,r), x; — v and zg »—)é vg it is the case z; € dom(h;) and zg ¢ dom(hg). By

AFHEAPADD we obtain <—1>1’T vr and xg <—1>S’T vg. By Lemma ?7?7 we obtain the exclusive token
guarding the domains of h; and hg and we can do a frame-preserving update and we also obtain
[NORD(z)],. We can fold 3h'. locs(h/, r) since we have provided all spec points to required by slink,
which we know since we own [Mu(r, {¢})]". O

Lemma 72 (Allocating region reference).
Y, v, o,r.
Tr ‘—1>1,r VUl *Tg ‘—1>S,r vs *v € ¢ x [NORD(7)],
I (Re@} - RER(r, ¢, 2) )

Proof.

1 1
T g U *Tg g, Vs 0 € ¢ * [NORD(2)],
1 1
= Ty ‘—2>1,7- (R ‘—2>I,r vy * effs(r, ¢, x,v)

3 ref(/r7 ¢’ m?”)

= (Re@)}  REFR(r, ¢, x) frt)
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Lemma 73 (Allocate).

vr, ¢, j,v, ¢, , 71—/7 . ‘HEAP‘HPv ‘SPEC(ho, €0, C)‘SP(C)a ‘REG(T)‘RG(T)

- {5 S5 new s « [SRIT « [ALT « [MU(r, {CH]™ % v € 0]
new vy

{1 3ts. j S5 15 # [SRIF" # [AL)T # [Mu(r, {¢H)]™ *[REF(r. 6, (17, 15))

RF(lst)}

{Hpr,SP(¢),Ra(r)}

Proof.

Rac(r)

Context r,(, j,v, 0, m, @, 7", ‘HEAP‘”P, SPEC(hy, o, C)‘SP(O , ‘R,EG(T‘)
{j < 5 new vg [SR]ETH  [AL)T * [MU(r, {CH)]™ *v e qi)}

{Hpr,SP(¢),Ra(r)}

{HEAP * SPEC(ho, €g, () * j és new vg * [SR]ZT” (Re(r)}
G(r

new vy
// Lemma 77

{l;. HEAP * [; — vr * SPEC(hg, €9, () * j ég new US}{R ")
G(T

// Lemma 77

{z,. . HEAP * 1 > vy % SPEC(ho, €0, C) ¥ j g lg * [SR]’E” x g 1 vs}

Open HP, SP(¢)

{Ra(r)}

{l[. Jis. j és Is* Iy =g % lg % vg * [SR]’CT” s [AL]T % [MU(r, {C})]™ %v e ¢}
// Lemma 77 and Lemma 77
{11. Ag. jSglg* [SRIZ" s [AL]T  [MU(r, {¢})]™ *[REF(r, ¢, (11 1s))]

{Hr,SP(¢),Ra(r)}

Rr(ls,ls) }

{Hr,Sp(¢),Ra(r)}

O
Masking
Lemma 74.
VIL, A e, My, Ms,(,g. (Vp € ILLA. My(p) = Ma(p)) =
Preg(A, 1, My, Q) * Preg(IL, g, 8, M1, () = Preg(A, Le, Mo, ) * Preg(IL, g, €, Ma, Q)
Proof. Unfolding shows syntactic equality between ghost-resources. O

Lemma 75.

VIL A, My, My, e, 6, 9,e. (Vp € ILA. Mi(p) = Ma(p) A ¢ = ) = EXFM (9)(e) = ELM () (e)
Proof. Follows by Lemma 7?7 and by ¢ = 1. O
Lemma 76.

V7, M1, My. (Vp € FRV (7). Mi(p) = Ma(p)) = [r]"" = [r]™

Proof. Induction on 7. The simple types are straight forward even for the binary case. Arrow type
follows by Lemma ??. To remind the reader, the following is the definition of reference types:

Rr(x
[ref, 7]M £ Aa. [REF(M(p), [7]2) "+ ReG(M (p))] ")
From My (p) = My(p) we have Ria(M () “ ™" = Rea (M (o). Similarty, we have to

Vi Rr(z) M RF(zx) . .
show ‘REF(Ml (p),[7] ,x)‘ = ‘REF(Mg(p)7 [7] ,x)‘ which follows directly from M (p) =
M>(p) and the induction hypothesis. O
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Lemma 77 (Creating monoids).
T = 3r. locs(D,7) x toks(1,1,7) x r & dom(M)
Proof. Follows by repeated application of NEWGHOST.

Lemma 78.

T = 3r. [Rec(r)] """ « [Rp]} « [WrJ! + [AL]}

Ra(r
Proof. Follows by Lemma 7?7 and NEwINV for creating Jr. m ol ).
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6.2 Soundness

Definition 3. TI | A | T F ey <gp €2 : 7, iff for all contexts C, values v, and heaps hy such that
C:(I|A|TFTe)~ (=] —]—F B,0) and [J;Cler] —=* hi;v there exists a heap ha such that
[J; Clea] —=* hajv.

Theorem 7 (Iris soundness). For all p € Props, e € Exp, q : Val — Props, n,k € N, v € Val,
r € Res, 0,0’ € State, W € World, and £ € Mask, if

valid({p} e {q}¢) e,oc =" v,0’ n+k+1,r)epW) (n+k+1,0)¢€|r|¥
then there exists a W' > W and r' € Res such that
(k+1,7) € q(v)(W') (k+1,0") € v |V

Lemma 79. IfII|A|T Eparer <ipge2:Te and C: (IL| A | T F7,e) ~ (I | A | TV F 7/, ¢") then
H/ | A/ | F/ ':PAR 0[61] Slog C[eg] : 7'/,6/.

Lemma 80. If — | — | — [=par €1 <iog €2 : T, € then
F{T} e1 {Av1.Tha. Fua. (v1,v2) € [7] * [|; €2 =™ ho;va}
Proof.
{1}
{3¢. spec([L ez, ()7 5056 e}

€1

{o1.3¢.[SpEo(L e2.0) P Ty, [r](v1,02) %0 Sg v}

{v1. Fva. [7](v1,v2) * Th. ;€2 —=* h;va}

O
Lemma 81. If — | — | — Epar €1 <iog €2 : B, and [J;e1 —=* hi;v1 then there exists an hy such
that []; ea —* ha;v.
Proof.
e from the — | — | — F e1 <joq €2 : B, e assumption it follows by Lemma ?7 that
F{T} er {Av1.Fho. Jug.v1 = vg % [|;e2 = ha;va}
e hence, by Theorem ?7?, it follows that there exists W and r such that
(2,7") € (A\vy. 3ho. Fug. vy = v * [J;e2 = hojve)(v1) (W)
and (2,hr) € |7 |¥
e hence, there exists vy, ho such that v; = vy and [J;e2 —* ha;va.
O

Theorem 8 (Soundness of LRpag). IfII| A | T |=par €1 <iog €2 : 7,6 then IL | A | T eq <cpp €2

T,&

Proof.
elet C:(II|A|TFT1e)~ (—|—|—F B,0) and assume that [J; Cle1] —=* hi;v
e by Lemma ?? it follows that — | — | — F Cle1] <joq Clez2] : B, 0

e and thus, by Lemma ?7?, there exists hs such that [|; Cle;] —=* hajv
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6.3 Effect-dependent transformations
6.3.1 Parallelization
Theorem 9 (Parallelization). Assuming

1. As | A |[Theim, e

2. As | Ay [Tk eg: T, e

3. alseitUwrse; C Ay and alsea Uwrses C Ay

4. rdse; C A1 UA3 and rdses C Ay U Ag

then
11 | Al,AQ,Ag | I‘I—el H62 j (61,62) 1T1 X T2,€1 Ueg

The two next lemmas provides the base of the proof:
Lemma 82 (Framed heap). If for all heaps h, b/, hr and expression e, €':
(hse) =* (Wse) Nhp # hANhy # 1/

then
(hpWh;e) =" (hpWh';e)

Proof. By induction.

Lemma 83 (New disjoint range).

Lemma 84 (disjoint ensures disjointness).
vf17f2ag7ha Z.
disju(f1,9¥ f2) x disju(f2, h) = disju(f1,9¥h)
We define the following short-hand notations:
I(R) £ {RaG(r) | r € R}
HRef(h,r) = 3(s.locs(h,r,(s,0) * toks(1,1,7)
heaps(Cs,h) =
(A M C Clv <2a €1,€2, hla h27 h37 hBR)

||>

®<e<s ®(1,v)en ! '—>5 v
= re]ﬂ( )th( ) * heaps({(} yhiWho W hg) *

Hl>

1
@perds e1Uea\e1Ne2 [RD]12\4(p) *
®renr(a) [IM(r, {C1, G} s har(r))]

Lemma 85.
vr, Cs,mony g Rec) ) -
stink(r, Cs,y,m, 7' ) (RSO0 35 HRef(h, r)  slink(r, Cs, h, 7w, ') % heaps(Cs, h)
Lemma 86.

vr, ¢s, . [REG(r)] Rt

slink(r, (s, h, &, 2) « HRef(h,r) « heaps((s', h) O RS} link(r, s, h, & 1.3
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Lemma 87 (Create branching specification invariant).

Vh,e.
disjm (h, h)

1
= 3¢.SpeC(h,e,() * [SR]? *0 és e * heaps({C}, h)

Lemma 88 (Prepare None-interference parallelization).

Vj7 61,62,A1,AQ,A3,517€2,M7<7h07hs,T0,T. R = I(M(Al O] A2 ] Ag)) =
Preg(Ala 17617 M7 {C}) * Preg(A27 1752a Ma {C}) *
Preg(A37 1751 U £2, M7 {C}) * dZSJH(hm hS)

3417<2a hla h2a h3a h3R' S(C1707h1 & h3,61761, %a (AlaA3)a %aalvM) *

S(<2707h2 W h37627627 %7 (A27A3)7 %7627M) * diSjH(h()»hS) *
Pp(A3, M, (, (1, 2,61, €2, ha, ha, b, hag)

RQRU{SP(Q),SP(@)}
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Proof.

{Preg(M1, 121, ML AQY) * Prog(Ba. 10, ML {QY) 5 Prog(As, Loy Un, M, {C))  disjr(ho hs) }

{REQS(A1 U Ao UAg, M) # Pos(A1, 1,21, M) % Pogo(Aa, 1,20, M) # Pagy(Ag, 1,21 U g, M) }
Prar(A1, 1,61, M, {C}) # Prar(Aa, 1, £2, M, {C}) * Ppar(As, 1,1 Uy, M, {C}) * disja (ho, hs) |

{Ppar(A1, 1,61, M, {C}) * Ppar(A2, 1, €2, M, {C}) * Ppar(As, 1,61 Uea, M, {C}) * disju(ho, hs)} g

{@rensnna MU (p), {CH]? # disiin(ho,hs) }

// Lemma 77

{®0ens 0.0, 30 HRef(h, M(p)) * [MU(M (). {C))]# * heaps({C} 1)  disii (ho. hs) |

{50 @ e s HREAM(), M(p)) 5 MU (), (1] heaps({C) b)) disin (o hs) |

Let h; = [ e, h(p) for i € {1,2,3}

// Follows from Lemma 77

3h. ®pen,,azns HREf(B(p), M(p)) 5 [MU(M (), {C})]? * heaps({C}, h(p)) * disju (ho, hs)
diSjH(hlL‘i'Jhg,hl L‘Uh3)*di8jH(h2Hﬂh3,h2L‘Hh3) 0

// Follows from Lemma 77
®pens,nz,ns HREf(R(p), M (p)) * [MU(M (p),{C})]2 * heaps({C}, h(p)) * disju (ho, hs)

1

3¢1. SPEC(hy W ha,e1, 1) * [SRIZ %0 g ey # heaps({G1} hn ® hy)
1
2

Frame

3¢s. SPEC(ha W hg, €3, (2) * [SR]42 *0 %s es * heaps({Ca}, ha W h3)

* 0 %s €] *

SPEC(ha W hs, €2, (2) * [SR] %0 %5 €
{3@, Co- B(C1, G2) # disjrr(ho, hs) * ®pen, IMU(M (p), {CL})]7 * @pen, [MU(M (p), {@})]5*}
®pena IM(M (), {C1, G2}, h(P))] T * @ pen, aanaheaps({C}, h(p)) 5
3¢1, Co- E(Cr,C2) * disjr(ho, hg) * Pregs((A1, A2, Ag), M) % Pegrs(A1, 1,1, M) *
Pogs(A1, 1,69, M) % Pogs(Az, 1,61 Ueg, M) ®,en, [MU(M(p), {¢1})]7 *
®pens IMUM (p), {2 })]% * ®pen, IM(M (p), {C1, o}, h(p)]T * Bpen, .aq.a,heaps({C} h(p) ) |,
3¢1,Co- E(Cr, G2) * disjr (ho, hg) * Preg(A1, 1,61, M, {C1}) * Preg(A2, 1,62, M, {(2})
Preg(ASa %a €1, M, {(1}) * Preg(A3v %v €2, M, {(2}) * ®peAs [IM(]lw(P)a {¢1, ¢} h(P))]% *
®pehs,Aa,nsheaps({Ch, h(p)) ®pensn(rds ((e1uea)\(e1ne2))) [RDI () R
31, G- disjr(ho, hs) * S(C1,0,h1,e1,e1, 5, (A1, As), 3,61, M) *
8(G2,0,ha, €2, €2, 3, (A2, As), 3,2, M) *®peA3[IM(M(P)»{C1,C21},h(ﬂ))]i *
®pehs,Aa,ngheaps({Ch, h(p)) * Bpensn(rds ((e1uza)\(e1ne2)) [RD] ¥ RULSP(C1).SP(Ca))
S(¢1,0,h1,e1,e1, 5, (A1, Ag), 5,61, M) % S(C2,0,h 22, €9, 3, (A2, Az), 5,62, M) *
{ Pr(A3, M, ¢, C1,C2,€1,€2, h1, ho, ks, h) * disjr (ho, hs)

Let E(¢1,¢2) = SPEC(hy W hg,e1,(1) * [SR]

1

D= Yol

I

RU{SP(¢1),SP(¢2)}

O
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Lemma 89 (Combine shared part with frame).
VAa €1,€2, M7 Cla C27 h.
(wrs (1 Ueg) Uals (e Ugs))NA=0=
1
Preg(Av %7 €1, Ma Cl) * Preg(Av %7 €2, M? C2) * ®p€rds e1Uea\e1Ne2 [RD]]2\4(p) *

®renra)y [(IM(r, {C1, 2}, ()]
= @enr(a) M, {Cr, G} h(r)]T * Pugro(A, 161 Uea, M) * Prego(A, M)

ENE

Lemma 90.

V¢, j,eo, e, h, ho. |SPEC(ho, €0, €) SP(Q) |

J ég e x heaps(h,{C})
5r@Qr=0 Ipg ¢ SPEC(h, h W hg, €, €', 1,0 %] és e * heaps(h, {C})
Lemma 91 (Frozen regions are frames).
Vi, hy, Corm Rec(r) ", ¢ e ¢s -
heaps (h, ¢) * [IM(r, Cs, hy)]™ REI=0 30/ heapg (B W hy, ¢) * [IM(r, s, b))
Proof. Follows Lemma ?7 for each region. O
Lemma 92 (Obtain disjoint token by trading specification runner).
Vho, h, eg, €, %,C.
SPEC(hg, h, €9, €, 5,C) * [SR]?
= SPEC(hg, h,eq,¢,1,() * disjr (ho, h) x (ho,eq) =™ (h,¢€)
Lemma 93 (Combining new specs with old spec).
Vho, hs, h1, hy, €0, e, e1,€y,¢, ¢

SPEC(hlahllaehe,la %744) * [SR] ;¥

ol

SPEC(hg, hs W h1,€g, €, 3, () * [SR|T *j é)g e1 * heaps({C}, h1)
= 3e”. SpEC(hy, hl,e1,e),1,() =
SPEC(ho, hs & B, eo,€”, §,C) * [SRIT % j = ¢} + heaps({C}, 1)
Proof.
By Lemma ?? we obtain disjg(hi,h}) * (hi,e1) —=* (h],¢€}) for simulation in ¢’. By Lemma ??
we have that hly # h} thus we allocate dom(h}) \ dom(h;) with the values specifically in hj. For

all values in h; we own the points to predicate thus we can just update it directly. To update the
stepping relation we use Lemma 7?7 and Lemma 77. O

Lemma 94 (Swap immutable to mutable for regions).

Ra(r)
VRla RQ; R37 hlv h27 h37 C, Cla <27 h3R' ®T€R1&JR2H‘JR3 (R‘EG(T) ) h3 = H—‘|7“€R3h3R(7ﬂ)) =

heaps(hi @ hs, (1) * heaps(ha W hs, (2) * ®ic 1,2} ®rer, [MU(r, {Gh)? *

®rers (REG(r) * [IM(r, {C1, (2}, hSR(T))]%) * ®(1,v)ehy Whatwhs ! '—>§ v
{R(}(T)lTGRl&JRQ}E{RG(T)‘TGRlLﬂRQ&JRs}

heapS(hl W h37 Cl) * heapS (hQ W h37 CZ) * ®TER1&JR2&JR3 [MU(T7 {C})]%
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Lemma 95 (Complete Non-interference parallelization).

VC, Gy Qo A1y Ao, A, M eq, 2,01, 02, 5y by hay hs, hagr, €1, €2, R, S.
R=I(M(A WA WA3)), S = {SP((),SP(C1),SP(¢2)} F
S(¢1,0,h1,e1,v1, 3, (A1, As), 5,61, M) % S(C2,0, ha, €2,v2, 5, (A2, Ag), 3,62, M) *
Pp(Az, M, (1, Cay€1,62, ha, ha, ha, hagr) * j S (e1,€2) * [SR]T *msp(o
SRws J éS (v1,v2) * [SR|T * Preg(A1, 1,61, M, () % Preg(A2, 1,e9, M, () *

Proy(As, 1,1 Ues, M, C) % [SPEC(ho, 0, )
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Proof.
Context: C gl CZ R Al A2 Ari ]\[. 607613627017(1)27].7 h’Ovh’la;2’27;2'37}L3R77Tv£lv€2
(Clao h17€13U17 2 (A17A3)7 27517M) * S(C2a07h27627/02a %a (A2aA3)7 %a€27M) *

; ™ Sp(¢)
Py(A3, M, (, 1, G2, 61,62, hay hay ha, hag) * S (er,e0) [SR]Z * SPEC (ho, €0, ¢) ’
= RwW{SP(¢),SP(¢1),SP(C2)} // Unfold S and Py

Sp(C1 ’
P g ¢ (ha, €2, G|

Context: ‘SPFC(Izl,el,Cl)“
1
* Preg(Ah 17517 M7 Cl) * Preg(AfSa %7517 M7 <1) *

P(C2 ‘Sf’(Q

),‘SPEC(}L(), €0, C)

1

0 %5 vy * [SR]C2
0 :2>S Vg * [SR] : * Preg(Az, 1,69, M, (o) * Preg(AB; 2,62,M Ga) *
h3 = Wrenr(ag)har(r) * heaps({C}, h1 W ha W h3) * ®perds e, Ues\e1nes [RD]I%M(F)) *
Brentng) ({1, Co} har(M)]¥ 5 s (er, e2) * [SR]T

= Rw{Sp(¢),SP(¢1),Sp(Co)} // Lemma 77
026 1 % [SRIZ % Prog(Ay, 1,1, M, G1) %0 26 w3 % [SRIZ % Prog(Aa, 1,22, M, Go)
hs = Wrenr(ag har(r) = heaps({C}, ha W ha W hs) * ®car(ag [IM(r, {C1, G}, ()] T+
Pogo(As, 1,61 Ueg, M) % Prego(Ag, M) % j S5 (e1, €2) # [SR]E

=pr // Lemma 77
Jho, hs, €o, €5, €1, €2, b, b, v1,va. SPEC(ho, hs W h1 W ho W h3, eg, €5, %, Q) *
SPEC(hy W ha, By e1, 01,3, G ) # [SRIZ % Preg(Ay, 1,21, M, 1) #
SPEC(hs & hy, hy, e2,v2, 3, Ca) # [SRIZ, # Preg(Az, 1,65, M, Co) *
hs = Wrerragyhar(r) = heaps({C}H ha W hy W hs) = @rearag) IM(r, {C1, G2}, har(r)]F +
Pegs(A3, 1,61 Ueg, M) % Pregs(Ag, M) * j és (e1,e2) * [SR]Zr

= [Ra(r)|re M (A wAz)} // Lemma 77

Jho, hs, €0, €s, €1, €2, by, hy, v1,v2. SPEC(ho, hs W hy W ha W hs, eq, €5, 3, () *
SPEC(hy W hg, h} W hs3, e1,v1, %,Cl) * [SR]?1 * Preg(A1,1,61, M, (y) *
SPEC(hs W ha, by W h, 3,02, 3, G2) * [SRIZ, * Preg(A2, 1,65, M, G2) #
hs = Wrenr(ag)har(r) = heaps({C} b1 & ho W hg) % ®epraq [IM(r, {C1, G2} har(r))] 7
Pogo(As, 1,21 Uea, M) % ®,cpr(ag) REG(r) * j = (€1, €2) * [SR]Z
= (Ra(r)|[reM(A1wA,)} // Lemma 77 with kg és e1 and Lemma 77 with ko és €9
3ho, hs, €o, €, €1, €2, Ay, hy, v1,v2. SPEC(ho, hs W hY WAy W hy, eo, €, 5, () *
SPEC(hy W ha, b} W hs,e1,v1,1,(1) * Preg(A1, 1,61, M, C;) *
SPEC(hg W hg, hiy, W hs, e2,v2,1, () * Preg(A2, 1,60, M, (3) *

hy = Wyenr(ag) har(r) * heaps({C}, 1y W hy W ha) % @penrag) (M, {C1, G}, har(r))] T *
PeﬁcS(Ag, 1,61 U EQ,M) * ®reM(A3)REG * ] és 1)1,1)2) [SR]ZF
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=g // Lemma 77
Jho, hs, €, €5, €1, €2, by, hy, v1,v2. SPEC(ho, hs W hy W Ry W hy, eq, €, 5, () *
SPEC(h1 W ha, By W ha,e1,v1,1, (1) % Preg(A1, 1,61, M, () *
SPEC(hg W hg, h W hs, e2,v2,1, () * Preg(A2, 1,69, M, () *

e, Pegs(A3, 1,61 Uea, M) % j éS (v1,v2) * [SR|T

®renr(ng) IMU(r, {CH]T * @, enra|REG(r)
= Re{SP(C),5P(C1),5P(C2) }
SPEC(h07 €0, C) S

j és (v1,v2) * [SR]T

* Preg(Ala 1,517M7 C) * PTeg(AZa 17€2aMa C) * Preg(A37 1751 Ueg, M, C) *

Proof of Parallelization.
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Let A = Ay, Ay, A3 and we have to show gih e Ues: w (11 x 1) (e1r || ear, (€15, €29)):

Hp Sp
Context: ,j,W,C,hO,(%O,‘HEAP‘ I,‘SPE(';(Il(),(%O,C)‘ v

{j és (e1s,€28) * [SR}Z“ * Preg(A, 1,61 Uea, M, C)}{HP,SP(C)}
{j :<>5 (e1s,€25) * [SR|T * >(SPEC(ho, €0, () * Preg(A1,1,€1, M, () *}

Preg(A2, 1,60, M, () % Preg(As, 1,61 Uea, M, () (1r)
// Lemma 77

31, Cay b, ha, g, g SPEC(ho, €0, C) * j = (€1, €) [SR]F *

S(¢1,0,hy Whs,e15, €15, 5, (A1, A3), 2,61, M) *

S(¢2,0, ho W hg, eag, €ag, %, (Ao, A3), % 562, M) *

Pr(Az, M, (, i, G2, 61,62, ha,y ha, hs, har) (HP.Sp(C1),50(C2)}
3¢y, Ca, b1, ho, hs, hsr. S(¢1,0, hy Uhg,els,elg, , (A1, As), % , M) *

5(C2,0,ho W hs, €25, €25, 5, (A2, Ag), 3,62, M) * j és (e1,e2) * [SR]T =

Open SP(()

Pf (A?n Ma <7 Clv <2a €1,€2, hlv h27 h37 h3R) {HP,SP(¢),SP(¢1),SP(C2)}
{S(<1707 hl W h37615'7 €1, %a (AlaAS)a 3,€1, M)}
€11

{Ull Jurg. S(C1,0,h1 W hs, €15, v1s, 5, (A1, As), 3,61, M) = [[TlﬂM(Ull,Uls)}
{S(C2707 h/2 W h37€25'7 €25, §a (A27A3)7 57527 M)}

ear
{7}2[. Juag. 5(4270, ho W hs, €25, v2g, %, (AQ, Ag), %782, M) * [[TQHM(UQI, ’Ugs)}
v. v = (v17, v2r) * Jv15,v25. S(C1,0,h1 Whs, 15,015, %, (A1, A3), %,517M) *
5(C2,0, ho W 3, €25, vas, 5, (Ao, Az), 1,60, M) x j S (e1,e2) * [SR]|T =
Pp(A3, M, (, (1, G, 61,82, ha, ha, b, har) * [T ™ (vir, vis) * [r2] M (var, v2s) (HP.SP(0).5P(C1),5P(C2)}
// Lemma 7?7
v. v = (017, va7) * Fois, vas. J = (Vis, vag) * [SRIZ * [ma]™ (vir,v15) *

}[7—2] U2[7U2S) * Preg(Ala 1 61,M C) * Preg(A27 1 527M C) * Preg(A37 1751 UEQ,M C)}{HP,SP(()}

{HP,SP(¢),SP(¢1),SP(¢2)}

61H€2

{HP,5r(¢),SP(¢1),5P(¢2) }

V. V= Uu,UzI) * s, V2s. J é*S Uls,vzs) [[71 X Tzﬂ ((U1I,U21)7(0217vzs)) *
*Preg (A, 1,69 Ueq, M, Q) (Hp.5P(0)}

6.3.2 Commuting
Assuming
1. A3 |A1 | Thep:im,e
2. As|As | TFey:m,en
3. alse; C Ay, alses CAg, wrsey C Ay, wrseg C Ay, rdse; C Ay UA3 and rdses C Ay U A3

then
A1, Ao, As [T F (e1,e2) Xlet z =egin (e1,x) : 71 X T2,61 Ues
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Proof. By parallelization, we have
A, Ag, As | T F (en,e2) Ser||ea: T X 1,61 Uesg
and by switching the parallel composition
AL, Ag, A5 [T heplles S etz =eq||eg in (ma(x), m(x)) : 71 X 72,61 Ues
now using parallel composition in the opposite direction
| A1, Mg, Az [T Flet & = ea ]| ey in (ma(z), m1(z)) <X let z = (e2,e1) in (mo(z), m1(x)) : 71 X T2,61 Uen
for which the post-condition easily follows

. | Al,AQ,Ag | I'Fletx = (62,61) in (71'2(1’),71'1(1’)) j let x = €9 in (61,1’) 1T1 X T2,€1 Ueo
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6.4 Example: Stacks

Consider the following two stack-modules:

Stack, has a single reference to a pure functional list, where the cas operation is used to update
the entire list on push and pop.

creater () = let h = new inj; () in (pushi, pop1)
pushi(n) =let v =!hin
let v' = inj, (n,v) inif CAS(h,v,v") then () else push;(n)
pop1() =letv ="1hin
case(v,inj; () = inj; (),
inj, (n,v") = if CAS(h,v,v") then inj, n else pop;())

Stacks uses a header-reference to a mutable linked list, where the cas operation is used to move
the header back on pop and forth on push.

creates() = let t = new inj; () in let h = new ¢ in (pusha, pops)
pushg(n) =let v =hin
let v' = new inj, (n,v) in if CAS(h,v,v") then () else pushs(n)
popa() =letv =lhin
let v =lvin
case(v’,inj; () = inj; (),
inj, (n,v") = if CAS(h,v,v") then inj, n else pops())

The physical footprint of the two modules differ, thus to show contextual equivalence we are
required to establish an invariant that relates one location having a pure functional list to a collection
of mutable heap-cells organized as a linked list. Such equivalences was not possible to show in A
Concurrent Logical Relation’ due to their more restrictive worlds allowing invariants to only relate
values at two locations for a semantic type.

Theorem 10 (Stack; and Stacky are contextually equivalent).

V7. p| - |-t create; Zepy creates : 1—>Z|l' (7—_>P\' 1x 17" 1+7),0
P

wrp,rdy,al, wrp,rd,

Proof. Contextual equivalence is defined as contextual approximation in both directions, thus we
are to show:

pl-|-F create; <y creates : 1—>Z|l;) (Tﬁﬁj.r,),rd,,,al,) 1x 1—>ZJT',p7po 1+7),0 (5)
pl-|-F creates <., create; : 1—>2|l'p (Tﬁﬁj;p’rdp’alp 1x 1—>Z,"rpmdp 1+7),0 (6)
(1) follows from Lemma ?? and soundness and (2) follows from Lemma ?? and soundness.
O
Lemma 96 (Stack; logically refines Stacks).
V1. p || F create; < creates : 1—>Z|l'p (T—>fu‘}p,rd,,,al‘, 1x 1—>'Z}|;p)rdp 1+7),0
Proof. Proof follows directly from Lemma ?? and Lemma 77 O
Lemma 97 (Stacks logically refines Stack).
V1. p || F creates < create; : 1—>Z|l'p (T—)Z}‘;mrdmalp 1x 1—>ful;4p,rdp 1+7),0
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Proof. This direction is straight-forward, since any successful update from cas forces the shape of
the linked list on the implementation side and we are required to make only a single heap update
on the specification side for Stack;: O

We choose the following relation to show equality:

STACKREL(h, 7, ¢) £ 3l,v,n. hy <—1>1)T vxhg Ll>57r nxvals(l,v, ) * linked(l,n, r, ¢)
‘SI(L)

STACKINV(h, 7, ¢) £ 31. [STACKREL(h, T, ¢)

where
vals(nil,v, $) = v = inj, ()
vals(z 2 ws,v,¢) = . v = injy (z1,v") * ¢(x) * vals(xs, v, @)
and
linked(nil,n,r, ¢) £ Jv. n f—l>57T vxv =injy ()
linked(x :: xs,n,r,¢) = Jv,n'. n f—l>37T vxv =inj, (xg,n’) * ¢(x) * linked(zs,n’,r, ¢)

and the function S1(¢) ensures that the invariant identifier is disjoint from HP,Sp({) and RaG(r) for
all ¢ and r.

Lemma 98 (Can create STACKINV).
Vhr, hs,ls,r,¢.
1 . . 1 .. 1
h’I (_>I77" mnj, () * lS' c_)S,r mj, () * hS c_)S,r lS
=50 SrackINV((hr, hs), T, ¢)

Proof. Intro hy,hg,lg,r and ¢.

1 .. 1 . 1
hr =1 injy () *ls =g injy () *hs =5 ls
= 31)1. vy = il’ljl () * h[ ‘_1>I,r vy * ls ‘—1>57T injl () * hs ‘—1>57T lS * vals(nil,v1,¢)

=  Jur,vs. hy ‘—1>11T vr * hg ‘—1>S,r vg * vals(nil,vr, @) *x linked(nil, vg, @)
=  STACKREL((hy, hg),r, ¢)

=810 3, [StacKREL((hy, hs),r, )
=  StAckINV((h1, hs),T, @)

Lemma 99. Stack;-push refines Stacks-push
Yo, M, h,n,m. V][] (n,m)

= StAckINV(h, M(p)) Ef;lp7w7,p7rdp};NI(V[[1]]M)(pushl(n),pushg(m))
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Proof. We define the following short-hands:
eir = let v =!hinlet v’ = inj, (n,v) in if CAS(h,v,v") then () else push;(n)
e15 = let v = lhy in let v/ = new inj, (m,v) in if CAS(h,v,v’) then () else pushy(m)

Ki; 2letv =[] inlet v =inj, (n,v) inif CAS(h,v,v") then () else pushi(n)

Kor 2 let v’ = [] in if CAS(h,v;,v’) then () else push;(n)

K31 £if [] then () else push;(n)

Kis 2 letv =[] inlet v' = new inj, (n,v) in if CAS(h,v,v’) then () else pushy(m)
Kog 2 let v’ =[] in if CAS(h,v5, ') then () else pushy(m)

Ksg 2 if [] then () else pushy(m)

and the following predicate to track the stacks:

STACKREL(h, 1, 1", v,n,7,¢) = hy <—1>I’T v* hg <—1>S’T n* vals(l,v, ) * linked(l',n,r, ¢)
and continue by Lob-induction.

Context: g, 7,7, eq, ho,(, M, h,n,m
Context: ‘HEAP‘HP, 'SPEC(ho, €0, C)‘SP(O7 StackINv(h, M (p), V[T]*), V[7]™(n,m)
Context: \>{j és €15 * [SR]ZF/ % Preg({p}, g, {wrp,rd,y,al,} , M, C)}
push(n)
{v}. Jug. j é>5 vy * [SRE/ % Preg({p}, 9, {wr,,rd,,al,} , M, ) * V1] (v}, vé«)}‘T

{i =5 ers ¥ [SRIF « Preg ({0} . 9, {wrp. 1dpual,} ML)
// Let m=g(p), r=M(p) and R = {HpP,SP((),Ra(r)}
{555 exs +[SRI7 « [RDJ7 * [WRJT * [AL)7 +[REG(r)]"" « [Mu(r, {CD]F }
// Unfolding StackInv(h,r, V[r]M)

j S5 s [SRIT * [RD]T + [WRJT » [AL)T «[Rec(r)] " «
{[MU(T‘, {¢H)]F * 3. [STACKREL(h, 7, V[[T]]M)\SI(L) }T

J és e1s * [SR]?I * [RD]™ * [WR|T * [AL|T * bREG(r) * }

[Mu(r, {¢})]? * >HEAP * >SPEC(ho, €0, () * >STACKREL(h, 7, V[7]M) RSO

hy
// Follows from Lemma 7?7
{U}. 3. vals(l, v}, VIr]M) * j Sgeis* [SR]?I * [RD]T % [WR]T « [AL|T * }

REG(r) * [Mu(r, {¢})] 2 * HEAP x SPEC(ho, €q, () * STACKREL(h, 7, V[7]M) T\RSI()

Bind on Ki;['h;]
Open R, S1(¢)

{v}. 3. vals(l, v}, V[7]™) x j :§>5 e1s * [SR]’CT/ * [RD]™ % [WR|T * [AL]" *}
Rec(r)]" " « [Mu(r, {C})]F * STACKINV(h, 7, V[7]™) .
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Vot {

Bind on K[inj, (n,v})]

3

. vals(l v VIT]M) * j Sges* [SR] * [RD|T * [WR]|T % [AL]T *}

Rea(r)] "« [Mu(r, {C))]F * STACKINV(A, 7, V]7]M)

{
lni
U

3. vals(l, v}, VT]M) * j és €15 * [SR]’CTI * [RD]T * [WR|T  [AL]T *}
Rec(r)] " « [Mu(r, {C})]F * STACKINV(h, 7, V[F]™) .
inj, (n,v})
v2. v? = injy (n,0}) * 3. vals(l, v}, V[T]M) * j és €15 * [SR} * [RD]T * [WR]T *}
™ % REG(r)| ) * [Mu(r, {¢})]? * STACKINV (R, r, V[T]M) -
v7. 3l vals(! UI,V[[T]]M) xvals((n,m) = Lv2, VIr]M) * j és e1s * [SR]E, * }
« [ALT «[Rec(r)] " = [Mu(r, {¢1)]3 * STACKINV(h, r, V[7]™)

02 {Hl vals(l b, VITIM) x vals((n,m) =2 L,v2, V[T]M) * j és e1s * [SR]’CT/ * }

I [Ro)r + [(WRJT + (AL «REa)] " « [Mu(r, {C})]F * STACKINV (A, , V[7]™)

3, e vals(l, vk, VIT]M) * vals((n,m) = Lo2, Vr]M) * § és e1s *

[SRJZ’ o [Ro]7 « [WRF « [ALJ7 «[Rec(r)] " Mu(r {})]# »

\STACKREL(h, T, VHT]}M)\SI(L) .
3LV v,n . vals(l, vk, VIT]M)  vals((n,m) = 1v2, Vr]M) *
j és €15 * [SR]g/ * [RD]T * [WR]T % [AL|T * >REG(r) * DHEAP *
>SPEC(ho, €9, ¢) * [MU(r, {¢})]% * STACKREL(h, I, ", v,n/, 7, V[T]M) *
(v=vIAl=1)V(w#£vENTL#£T)) T\R.S1(0)

CAS(h, v}, 03)
// Follows from CAS (shown below)

3 / / é ' ™ ™ ™
v7. AU v,n'. j =g e1s x [SRIT « [RD]T + [WR]T + [AL]T *

=

|—45 .

S .

@ @ REG(r) * [MU(r, {¢})]2 * HEAP % SPEC(ho, €9, () *

O Qi ((v3 = true x STACKREL(R, (n,m) == I, [,v3,n/,r, V[7]M)) v
5]

< 2 | | (v} = false x STACKREL(h, I, I, v,n',r, V[T]™))) T\RSI)
8 © | // Follows from simulating on the right hand side (shown

g below)

2

o3, 3lv,n vE v [SR]’CT/ * [RD]T * [WR|T % [AL]T * REG(r) *
[Mu(r, {¢})]? * HEAP % SPEC(hg, €0, () * ((v; = true * v} = true *
STACKREL(R, (n,m) == 1, (n,m) : [,v2, 0%, r, V[7]M) *

jSg Kss[vd]) v (vi = false * v} = false *

STACKREL(R, I, I, v, 0,7, V[T]M) % j S e15)) RS
vy, . [SR]’CT/ * [RD]™ * [WR|T * [AL]T MRG(T) *

STACKINV(h, 7, V[T]M) * [MU(r, {¢})]Z * ((v3 = true x v} = false x

e Kss[v3]) V (v} # true x v} = false * j S e1s)) .
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if U? then
{[SR]? « [RD]7  [WR]T * [AL)7 « [Rec(r)] " }
IMU(r, {C})]E *j =5 Kss|()] .
0
{v‘}. Jod. j S v x [SR]’EI % Preg({p}, g, {wry,rd,,al,} , M, () *}
VLM (vf, 03) .
else

{555 eas #[SRIF * Preg ({0} .9, {wrp, vdpual,} ML)}
push(n)

// Follows from IH

{v‘}. Jod. j és v * [SR]’CT/ % Preg({p}, g, {wrp,rd,y,al,}, M, () *}
V™ (v7, v3) T

We have to show we can perform the cas (open invariants are R, S1(¢)):

3LV, v, vals(l v, VIT]M) x vals((n,m) = Lo2, VIT]M) * j és e1g * [SR}EI * [RD]T *
[WR]™ * [AL]T * bREG(r) * [MU(r, {¢})]Z * STACKREL(h, I, I, v,n’, 7, V[r]M) *
bHEAP % >SPEC(ho, €0, () * (v =v} Al=1)V (v #£ vi AL #]T"))
3L v, n' vals(L ok, VT]M) x vals((n,m) = Lo, VT]M) * j és €15 * [SR]? * [RD]T *
[WR]T % [AL]T * REG(r) * [MU(r, {¢})]% * STACKREL(h, I, ", v,n/, 7, V[T]M) *
HEAP * SPEC(ho, €9, () * (v =v} AL =1)V (v # v} Nl #£1'))
3LV v, vals(l v, VIT]M) * vals((n,m) = Lo2, VIT]M) * § és e1g * [SR]Z“/ * [RD]T «*
[WR]T x [AL]T % 3t. locs((t;[hs — v], ts[hs > n']),r) x toks(1,1,7) x [Mu(r, {¢})]% *
STACKREL(h, [, 1,v,n',r, V[7]™) * HEAP x SPEC(hg, €0, () * (v = v Al =1")V (v £ v AL #T))
o | {HEAP % hp —jv}
S| CAS(hs,vlu?)

{v}. HEAP « ((v} = true  hy —v}) V (v} = false x hy —v))}

// Updating h ‘LI’,,‘ v follows from having the authorative element and fragment
WA o S e [SR]Z" # [RD]T * [WR]T * [AL]T * HEAP % SPEC(ho, €o, ¢) * REG(r) *
[MU(r, {¢})]? * ((v3 = true x STACKREL(R, (n,m) = I, [,v3,n/,r, V[7]™)) v
(v} = false x STACKREL(h, ', ', v,n',r, V[r]™)))

We also have to show that we could simulate on the right hand side, which consists of three parts -
(1) reading the head pointer, (2) allocating a new location for the new node and (3) updating the
head pointer:
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3,n'. j Ss ers # [SRIT * [ALT * REG(r) * [MU(r, {C})]F * SPEC(ho, €0, () *
STACKREL(h, (n,m) :: 1, 1,02, 0/, 7, V[r]*)

= 3’ g Kisllhs] = [SRIT * [ALT % REG(r) + [MU(r, {C})]F * SPEC(ho, €0, C) *
STACKREL(h, (n,m) :: 1, 1,v3, 0/, 7, V[r]*)

// Follows from Lemma 77

= 3,0’ vk j S Kislvl] * [SRIT * [AL]T  REG(r) * [MU(r, {C})]% = SPrC(ho, €0, () *
STACKREL(h, (n,m) :: 1,1,v%,v&, r, V[r]™)

= 3,0, vk j S5 Kog[new injy (n,v})] % [SRIT + [AL]T + REG(r) *
[Mu(r, {¢})]? * SPEC(ho, €0, ¢) * STACKREL(h, (n,m) :: I, 1,v3, v, r, V[r]*)

// Follows from Lemma 77
= 3,0, vi,0% és Kos[vE] [SR]? * [AL]T * REG(r) * [MU(r, {C})]% %

SPEC(hg, €, ¢) * STACKREL(h, (n,m) = 1,1, v%, v, r, V[7]M) % v% r—)fq inj, (n,v5)

// Follows from Lemma 7?7
= 3,0 v, 05 S Kos[vE] [SR]? * [AL]T * REG(r) * [MU(r, {¢})]? *
SPEC(hg, €, ¢) * STACKREL(h, (n,m) :: 1,1, v3, v, r, V[r]M) * v3 f—1>s,r inj, (n,v%)
= 3,0, vk, v3 j Ss Kas[CAS(hs, vl,v2)] = [SRIT * [AL]T % REG(r) * SPEC(ho, €0, () *

[Mu(r, {(})]% * STACKREL(h, (n,m) :: 1,1, v%,v}g,r, V[[THM) * v?g ;1>S,r inj, (n,v}g)

// Follows from Lemma 77, Lemma 77

= 3,0 v, vE v vl = true és Kss[vd] * [SR]Z/ * [AL]T * REG(r) * SPEC(hg, €0, () *
[Mu(r, {¢})]? * hs <i>1,,ﬂ v? * hg <i>5,r v xvals((n,m) = Lvd, ¢, V[r]M) *
linked(l,vs,r, V[7]™) * v% <i>5,7n inj, (n,vy)
// From V[r]™(n,m)

= 3,0 vk, 0% vl 03 = true x és’ Ksg[vd] * [SR]’CT/ * [AL]T * REG(r) * SPEC(hy, €, () *
[Mu(r, {¢})]? * hs f—lnm v? * hg <—1>5,T v xvals((n,m) = 1,v2, ¢, V[r]M) *
linked((n,m) :: I,v%, r, V[7]*)

= 3,0 v, vE vl vd = true  j és Kss[v] * [SR]? * [AL]T * REG(r) * SPEC(hg, €0, () *
[Mu(r, {¢})]? * STACKREL(h, (n,m) :: I, (n,m) =: [,v?,v%, r, V[r]™)

Lemma 100. Stack,-pop refines Stacks-pop
Vp, M, h.
= STAckINV(h,r, V[r]M) + EX (V1 + 7)) (pop1 (), pop2())

wr,,rdy M
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Proof. We define the following short-hands:

eir £letv="h;in
case(v, inj; () = inj; (),
inj, (n;,v') = if CAS(hy,v,v’) then inj, n; else pop;())
e1s £ letv = lhgin
let v' =vin
case(v’,inj; () = inj; (),
inj, (ng,v”) = if CAS(hg,v,v”) then inj, ng else pops())
Kir £ let v = [ in case(v,inj; () = inj;, (),
inj, (nr,v’") = if CAS(hy,v,v’) then inj, n; else pop; ()
Kor = if [] then inj, n; else pop; ()
KisZletv =] in
let v =vin
case(v',inj; () = inj; (),
inj, (ng,v”) = if CAS(hg,v,v”) then inj, ng else pops())
Kys 2 letv' =[] in
case(v’,inj; () = inj; (),
inj, (ng,v”) = if CAS(hs,v§,v"”) then inj, ng else pops())
Kss = if [] then inj, ng else pops()
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Context: g, 7,7, ey, ho,(, M, h
Context: ‘HEAP‘“P,‘SPEC(h(), €o, () <O, StackINv(h,r, V[r]*)

Context: > {] :§>5 e1g * [SR]ZT/ * Preg({p}, g, {wrp,rd,}, M, C)}
pop()

{01, 30k S5 0k # [SRIT % Preg({p} . g, {wrprd,} M, ) 5 VL + 7] (0], 0}
{755 e1s SR # Preg({p} 9. {wryord,} MO
// Let m=g(p), = M(p) and R = {Hp,SP((),Ra(r)}
{755 ers xSRI+ [Ro)7 « [Wr]T #[Rec(r)"" » Mu(r ()] |,
// Unfolding StackInv(h,r, V[r]M)

J és e1s * [SR]’CTI * [RD|T * [WR|T * ch(r) *

{[MU(T, {¢H]E * 3. [STACKREL(h, 7, V[[T]]M)\SI(L) }T
J és e1s * [SR]Z’/ * [RD]T * [WR]T « bREG(r) * }
[Mu(r, {¢})]? * >HEAP * >SPEC(hg, €q, () * >STACKREL(h, r, V[r]M) T\RSI)

‘SP

hy
// Follows from Lemma 77
{v}. 3. vals(l, v}, V[7]M) * j és e1s * [SR]? * [RD]T * [WR|T « REG(r) *}
[Mu(r, {¢})]? * HEAP * SPEC(ho, €9, () * STACKREL(h, r, V[r]M) T\RSI)
// Follows from simulation on the right hand side
vk, Al vals(l, v}, V[r]M) * [SR]’CT' * [RD]T * [WR]T « REG(r) * HEAP * SPEC(ho, €, () *
IMU(r, {C})]3 * STACKREL(h, 7, V[7]M) (v} = inj; () % j =5 inj; () V
(3nr,ns, v v} =injy (nr,v3) *l=(n,m) = l'xj és e1s)) T\R.S1(0)
vk, 3l vals(l, v}, V[T]M) * [SR]’CT/ * [RD]™ x [WR]™ * MRC(T) *
[Mu(r, {¢})]? * STACKINV(R, 7, V[T]M) * (v} = inj;, () *j és inj; () vV (3ns, ns,vi.

U}:iﬂj2 (n],’l]?)*l:(n,m)lil/*jés elS)) T

Bind on Klj[!h[]
Open R, S1(¢)
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3L vals(l, v}, V)Y « [SRIE « [Ro]7  [We]T « Rec()] " »
Vot $ [Mu(r, {C)]F * STACKINV(h, 7, V[7]M) = (0} = inj, () * j =g inj; () V

(Ing,v?. vF =injy (ng,v¥) *x L= (n,m) = 1'% j és e1s)) -
case v}
{az vals(l, v}, VIr]™)  [SR]Z + [R]7 + [WR]T «[Rea(r)]" " « }
{g} 15 5 STACKINV (b, 7, V[F]M) % v} = inj, () j = inj; ()
1 inj, (
CH {UI v? =inj; () * 30 vals(l,v}, V[r]M) « [SR ]”/ * [RD]T * [WR|T *MRG(T) *}
£ (r, {¢H]% * STACKINV(h r, V[T]M) x v} =inj, () *j S inj; () -
{UJ 3. j éS v * [SR]E *Preg({ﬂ'} g, {wry,rdp,aly}, M, () *}
V1 + )M (v}, v) T
3,1, n. vals(l, v}, VIr]™M) « [SR]Z + [R]7 + [WR]T «[Rea ()] «
{[MU( {¢1)]z * STACKINV(h, 7, V[T]M) % v} = injy (n,v2) 1 = (n,m) = I' *
J é>s €1s
3,1, ng, . vals(l, vk, VIr]M) * [SR]’CT/ * [RD]T % [WR]T *MRG(” *
IMu(r, {C})]F *[STackREL(h, 1, VM) «
vk =injy (ng,v?) * 1 = (n,m) ::Z’*jés e1s T
3,7, ns. vals(l, v}, V[7]™) # [SR]T * [RD]T * [WR]F + bHEAP x
>SPEC * bREG(RG(r)) * [MU(r, {C})]? *j és €15 *
-~ >STACKREL(h, 7, V[7]M) x v} =injy (nr,v?) x1 = (n,m) = I’ T\RSI()
i N;E* CAS(hy, v}, v?)
&g: ﬁ;? // Follows from performing cas
S 2 [ Alns. [SR]Z" * [RD]} * [WR]T » REG(RG(r)) *
R L ) MU {C)]F 1= (n,m) = I« HEAP % SPEC * j =g e15 *
£ % E ((v3 = true x 3n’. STACKREL(h, ', 1,v%,n/,r, V[r]M)) v
f &' | | (v3 = false  STACKREL(h,r, V[7]™))) —
g // Follows from simulating on the right hand side (below)
= v} [SR]Z * [RD]] * [WR]T * REG(RG(r)) *
[MU(r, {¢})]2 * HEAP % SPEC * ((v3 = true x
STACKREL(h, r, V[r]M) * j =5 Kss[true] « V[r]M (n,m)) V
(v} = false x STACKREL(h, r, V[7]M  j =g e1s))) RS
v3. [SR}Z/ * Preg({p}, g, {wr,,rd,} , M, C) x STACKINV(h, 7, V[T]M) *
((v? = true x j és Kssltrue] x V7] (n,m)) v
(v} = false x j S e1s)) -
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if v7 then
{[SRE’ * Breg({p} 9, {wry, vy}, M, Q) » }
STACKINV(h, 7, V[7]M) * j S Ksg[true] « V7] (n,m)) ,
inj, ny
{v?. Jo. j és v * [SR]’CTI % Preg({p}, g9, {wr,,rdy,al,}, M, Q) *}
V1 + 7)™ (v}, vd) .
else
{[erg’ * Breg({p}, 9, {wry, vy}, M, Q) }
STACKINV(h, r, V[r]M) % j =5 e15 .
push(h,n)
// Follows from IH
vi. Jok. g S v * [SR]’CT/ % Preg({p}, g, {wry,rd,,al,} , M, () *}
V1 + 7)™ (v}, vd) .

We have to show we can perform the simulation on the right hand side:
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3,0, ns,n'. [SRIE * [WRJT « REG(RG(r)) * [MU(r, {(})]* *
I = (n,m) = U SPEC * j =g e1s * STACKREL(h, I, 1,02, 0/, r, V[r]™)
= 3V, ns,n'. [SRIT * [WR]T * REG(RG(r)) * [Mu(r, {¢})]F *
I =(n,m):: 1"« SPEC*j és Kig['hg] *hy <—1>1’T v? % hg <—1>1,T n' *
vals(l', v, V[r]M) * linked(1,n/,r, V[]™)
// Follows from Lemma 77
= 3,1 ng,v8. [SR]T * [WR]T * REG(RG(r)) * [Mu(r, {¢})]% *
I=(n,m):1 *SPECx*j =C>S Kis[vs] = hr "—1>I,T v? * hg %117,« vh *
vals(l',v3, V[r]M) * linked(l,n/,r, V[r]™)
// Unfolding linked
= 310, ns, vk 030" [SRIT * [WR]T + REG(RG(r)) * [Mu(r, {¢})]? *
I =(n,m):: 1"« SPEC*j és Kog[lwg] * hy <—1>1’,« v? % hg <—1>1’T v *
vals(l', v3, V[r]™) * linked(l', 0", v, V[7]M) % v} <—1>I,T vE x v =injy (ng,n”) *
V)M (n,m)
// Follows from Lemma 77, Lemma 77
S 3,7,ng, 0k, 03,0, [SRT # [WRT + REG(RA(r)) * [MU(r, {CH]F =
I =(n,m):: 1"« SPEC*j S K35[CAS(hs, vy, v%)] *hy inm v? * hg '—1>I,T v *
vals(l', v, V[r]M) * linked(l',n” v, V[7]) % v} '—1>1,r vE % 0% = injy (ng,n”) *
V[ (n,m)
// Perform CAS
= 3L, ns, vk 030" [SRIT * [WR]T + REG(RG(r)) * [Mu(r, {¢})]? *
I =(n,m):: 1"« SPEC*j és Ksg[true] * hy <—1>1,T v? % hg <—1>1’T vE ¥
vals(l', v3, V[r]™) * linked(l', 0", v, V[7]M) % v} <—1>1)T v x v =injy (ng,n”) *
V[[T]]M(nl,ng,n”)
// Fold linked
= Ins,vh,vd. [SRIT * [WR]T * REG(RG(r)) * [Mu(r, {¢})]F *

SPEC * j =g inj, ns * STACKREL(h, 7, V[7]™) % V[r]™ (n,m)

Lemma 101. create

Vp, M. EZZ;;J;M(V[[T—W" 1x 10" 1+ 7]M)(createy (), creates())

wrp,rdy,al, wrp,rd,
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Proof.

Context: g, 7, K, T G, M

Context: ‘HEAP‘ ‘SPhC(h() €0, C)
{j és let t = new inj; () in let & = new ¢ in (pushs, pops) * [SR]Z" * Preg({p},9,{al,} , M, C)}T

‘S' (©)

// Let r=M(p) and R = {Hp,SP({),r}
{j S let t = new inj; () inlet h = new ¢ in (pushs, pops) * [SR]ZF, * [AL]T *}
Rea(r)] """« Mu(r, {¢})] .

[] in (pushi, pop1))[new inj; ()]

Bind on (let h

{j és let t = new inj; () in let h = new ¢ in (pushg, pops) * [SR]’C" * [AL]T *}
Ra(r) ks
REG(r) * [Mu(r, {C})]> T
// Let Kig2lett=[inleth = new tin (pushy, pops)

// Let Kog = let h=newt in (pushs, pops)

{j So Ky [new inj; ()] * [SR} * [AL]T * mmm *}
[Mu(r, {¢})]? *>HEAP * >SPEC(hg, €q, () TR
{HEAP}\ g

new inj; ()
// Follows from Lemma 77
{hr. HEAP « hy —rinjy ()}

Q
=
£

€3

T\R

. .. ’ Ra(r x
S| fhr g s Kilnew ing, (]« [SRIE + [ALT < [Rec(r)] ™"« [Mu(r, {¢})]F +
§ HEAP x SPEC(ho, €q, () * hy —rinj; ()
// Follows from Lemma 77
. / Ra(r x
hr. 3ls. j és Kis[ls] * [SRIT * [AL]T *[REG(7)] <) [Mu(r, {¢})]z =*
HEAP * SPEC(h, €9, €) * hy —rinj; () Ls = inj; () T\R
{h,. s, j S Kasnew L]  [SR]T + [AL)7 «[Rea(r) " « }
[MU(r, {C})]? * HEAP * SPEC(ho, €0, ) * hy =rinjy () Is = injy ()] 1 5
// Follows from Lemma 77
. ’ Ra(r s
hi. hs,ls. § s Kaslhs] + SR + [ALT +Rua(r) """ I ( {CHIE +
HEAP * SPEC(ho, €0, ¢) * hy —=rinj; () #ls =S inj, () * hg —$
{hI- hs,ls. j S (pusha, pops) * [SR]Z * [AL]T «[REG(r) e * [Mu(r, {¢})]%
hy—rinj; () xls »—>§ inj, () xhg »—>§ ls

// Extending reg: Lemma 77

{hl~ Ths,ls. j S (pushs, pops) * [SR]Z « [AL]F *MR " * [Mu(r, {¢})]% *

1. 1 . 1
hy =1 inj; () xls < s, inj; () *hs =g, ls
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// Fold into StackInv((hr,hg),r,V[7]™) for the empty list by Lemma 77

hr. 3hs,ls. j s (push, pops) * [SRIT * [ALT *[Rec(r)]" " » [Mu(r, {C})]F #
StAcKINV((h1, hs),r, V[T]*)
i, Shs, ls. j s (pusha, pops)  [SRIT * [ALT «[Rec(r)" "« [Mu(r, {¢})]? «
STACKINV((hz, hg),r, V[T]M) T

(pusha, pop)
{U, v} = (pushy, popy) * Jvg. j és vl * vh = (pusha, pops) * [SR}ZT/ *}
Preg({p},9,{al,}, M,¢) x STACKINV((hy, hg),r, V[T]M) -
vk Jol. g s vk vk = (pushg,popg) * [SR]’CT/ * Preg({p},g.{al,},M,C) *
StackINv(h,r, V[r]M) * VIIT—>pr,rdp,al

Vﬂl—>wr ,rd, 1 +THM(pOp1ap0p2)

1M (pushy, pushs) *

T
ob. 3k j g vk vk = (pusha, pops) * [SRIZ * Preg({p} 0, fal,}, M, C) *
STACKINv(h,r VM) *

VIIT—>wT ,rdp,al, 1x 1—>Z‘7‘ ;rd, 1 +T]]M((pu<9h1ap0pl)’(pUSh21p0p2)) T

6.5 Example: Private Stacks

Consider the following two stack-modules:

Stack, has a single reference to a pure functional list, where the plain assignments updates the
entire list on push and pop.

createy () = let h = new inj; () in (pushy, pop1)
pushy(n) =let v =1hin h := injy (n,v)
pop1() =letv =!hin
case(v,inj; () = inj; (),
inj, (n,v") = h := v';inj, n)

Stacks has a single reference to a pure functional list, where the cas operation is used to update
the entire list on push and pop.

creates() = let h = new inj; () in (pusha, pops)
pusha(n) =let v =lhin
let v = inj, (n,v) in if CAS(h,v,v") then () else pushz(n)
popa() =letv =1hin
case(v,inj; () = inj; (),
inj, (n,v") = if CAS(h,v,v") then inj, n else popz())
This example shows, that if we know the module is private to us, we can directly update the

value without the need for doing compare-and-swap.
We choose the following relation to show equality:

STACKREL(R, 7, ) 2 ([WR]L V (31, vr, vs. hy 1.0 v1 % hs s, vs *vals(l, (v1,vs), 8)))
Si(e)

STACKINV(R) £ 3i. |STACKREL(h, V [7]M)]
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where

vals(nil,v,¢) = vy = inj, () Avs = inj; ()
vals(z 2 xs,v, ) = I, vl vy = inj, (z7,07) Avs = injy (z5,v5) A d(x) Avals(zs, (v}, v%), @)

We only show the refinement proof of push, the proof of pop is straight-forward.
Lemma 102. Stack,-push refines Stacks-push

Vo, M, h,n,m. V[r]™(n,m)
= StackInv(h, M(p)) - E° po;M(V[[I]]M)(pushl(n),pushg(m))

Proof. We define the following short-hands:
eir Zletv ='hinh := inj, (n,v)
e15 = let v = hrinlet v’ = inj, (n,v) in if CAS(h,v,v’) then () else pushs(n)
Kir 2letv=/[inh := inj, (n,v)
Kis =letv = [ inlet v’ =inj, (n,v) inif CAS(h,v,v") then () else pushs(n)
Koys 2 let o' = [Jinif CAS(h,v},v’) then () else push,(n)
K3s = if [] then () else pusha(n)

Context: g,7, K,7',{, M,h,n
Context: ‘HEAP‘HP7 'SPEC(ho, €0, C)‘SP(O, StackINv(h, M(p)), V[7]™(n,n)
Context: > {j és €15 * [SR]?I * Preg({p}, g, {wr,,rd,}, M, C)}
push(n)
{U]l. Jug. j és vg * [SR}? % Preg({p}, 9, {wr,,rd,}, M, ) * V[1]™ (v}, 7%)}T
{i %5 ers «[SRIF « Preg ({0} 9, {wrpurd,} MO |
// Let m=g(p), r=DM(p) and R = {Hp,SP({),Ra(r)}
{555 exs # ] « [RoJL« (W2« REa(r)]™" « Mu(r, {17 |
// Unfolding StackInv(h,r)
j S es* [SR]’CT/ * [RD]L * [WR]L * MRG(T) *
{[MU(T, {CH]F * 30, [STacKREL(h, 1, V™)™ }T
S es* [SR]? * [RD]! * [WR]! « bREG(r) * }
[MU(r, {¢})]? * >HEAP * >SPEC(ho, €0, () * >SSTACKREL(h, 7, V[7]M) RS0

hy
// Follows from Lemma 77
{v}. Jl, vk vals(l, (vi,vh), VIT]M) = 4 Sgers* [SR]? * [RD]L * [WR]L * }
REG(r) * [Mu(r, {¢})]2 * HEAP x SPEC(ho, €q, () * STACKREL(h, r, V[7]M) T\R,S1(1)

Bind on Kl][!h]}
Open R, S1(t)

// Trade [Wr]} in StackReL(h,r, V[r]M)
vp. A, vg. vals(l, (v, vg), VIT]Y) * é>S €15 * [SR]Z', * [RD]L *
REG(r) * [Mu(r, {¢})]? * HEAP * SPEC(ho, €9, ) *
STACKREL(h, 7, V[7]M) * hy <—1>1,,. vl x hg <—1>5,,. v RS
{v}' 31,0k vals(l, (v}, 05), VIF]™) % j S5 e1s * [SRJZ * [Ro]! « Rec ()" }
.

[Mu(r, {¢})]? * STACKINV(h,7) * hr (_1>M vl hg ‘—1>s,r v}g
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-y {ﬂl,vé. vals(l, (v, v), VIr]M) * j és 1615 * [SR]ZF/ *I[RD]}‘ *MRG(T) *}
[Mu(r, {¢})]? * STACKINV(h, 1) * by <[, v} * hg <3, vk -
{Ell,v}g. vals(l, (v, vE), VIT]M) * j és e1s * [SR]?I * [RD]} *MRG(T} *}
[MU(r, {¢})]% * STacKINV(h,7) * by ‘—1>1,T vl * hg ‘—1>s,r v -
injy (n, 0})
v2. A, vk, 0% vE =injy (n,v}) *vals(l, v}, V[T]M) * j é}s 615 * [SR|T
[RD]L *[REG(7)] RS0 IMU(r, {C)]F * STACKINV(h, ) % hy <51 - U X
hg <—1>ST vl xvals((n,n) 2 1, (v2,03), V[r]M)
3,08, 03 vE = injy (n,08) xvals(l, v}, V]T]M) % j Sgers* SR’CT *
¥o?. < [Ro]! «Rec(r)] " « [Mu(r, {C1)]F * STACKINV(h, 1) # hy <51, v}
hs ‘—1>sr v *xvals((n,n) 2 1, (v3,03), V[r]M)
3,08, 03,0 0% = Il’lj2 (n,vl) *vals(l, vl,V[[T]]M E¥] és 615 * | SR *
[Ro]! «[Rec(r)]" U Mu(r, {CH]F * by Spr v s hg g, vl
vals((n,n) 2 1, (v2,03), V[r]M) * ‘STACKREL(h,r7 V[[T]]M)‘SI(L)

3,0k, 03 vE = injy (n,0}%) xvals(l, v}, VIT]M) % 4 és e1s *

ﬁ;f [SR]? % [RD]! * DPI{EG(r) « HEAP * >SPEC(ho, €g, ) * [MU(r, {¢})] % *

= hr =71 vF*hs =g, vy xvals((n,n) = 1, (v, 0%), V[T]M) *

£ >STACKREL(R, 7, V[int]M) T\ESI)
T hy = v?

N v vy = () * 3L, vk, vE 0% =injy (n,v}) xvals(l, v}, VT]M) «

< , x

= J Ssegx [SR]T * [RD] * REG(r) * [MU(r, {¢})]* * HEAP *

é SPEC(ho, g, () * hr f—1>17,« v? x hg ‘—1>57T v * STACKREL(h, r, V [int]™) *

g vals((n,n) = 1 (v3,03), V] N

// Follows from simulation on the right hand side. CAS
succeeds because we have hg im, 'U};

v v = ()« 3L vE0d vd = ()xj és v x [SR]’CT, * [RD]L *

REG(r) % [MU(r, {C})] * HEAP * SPEC(ho, €0, C) * hy <7, v2 *

hs f—1>5,r vZ xvals((n,n) 2 1, (v2,03), V[r]M) *

STAcKREL(h, 7, V[int]*) T\RSI)

Bind on K3[CAS(h,v},v?)]
Open R, S1(¢)

// We trade for [Wr]!
v o= () xFd vd =()*j S v x [SR]Z“/ * [RD]L *
REG(r) * [Mu(r, {¢})] 2 * HEAP x SPEC(ho, €9, () * [WR]L x
STACKREL(h, r, V[int]™) RS

{v?. Jod. j S v x [SR]’CT/ * [RD]L * [WR]L *MRG(T) *}
.

[MU(r, {¢})]? * STACKINV(R) * V[1]M (v}, v3)
{v?. 3. j S5 v % [SRIF * Preg({p} 9, {wry, rd,}, M, C) % V[[™ (03, v%)}T
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